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ABSTRACT
In  r e c e n t  y e a r s ,  d i f f e r e n t  a p p r o a c h e s  f o r  u o d c l  i n^  R e y n o l d s  s t r e s s e s  
ha ve  b e e n  p u r s u e d  by v a r i o u s  u u t h o r s .  Two d i f f e r e n t  c l o s u r e  s c h e me * ,  
r e p r e s e n t i n g  two s c l i o o l s  o f  t h o u g h t ,  ha ve  b e e n  s e l e c t e d .  The f i r s t  c l o s u r e  
scheme i s  t h e  k - e  m o d e l .  Hi e  s e c o n d  c l o s u r e  scheme i s  t h e  l e v e l  two mo d e l .  
Each  g r o u p  h a s  c l a i m e d  t h a t  t h e  p r o p o s e d  m o d e l s  a r e  an i mpr ove me n t  a nd  an 
a d v a n c e m e n t  o v e r  p r e v i o u s  m o d e l s  e m p l o y i n g  t h e  m i r i n g  l e n g t h  h y p o t h e s i s  as  a 
c l o s u r e  s c h e me ,  N e i t h e r  g r o u p  h o w e v e r ,  h a s  made t h o r o u g h  c o m p a r i s o n s  
b e t w e e n  t h e  newl y  p r o p o s e d  s c h e m e s  and  t h e  m o s t  commonly u s e d  a p p r o a c h  t he  
■nixing l e n g t h  h y p o t h e s i s .
The m a i n  a b j e c t i v e  o f  t h i s  p a p e r  i s  t o  t e s t  t h e  a p p l i c a b i l i t y  o f  t he  
s t a n d a r d  k - 5  and t h e  l e v e l  two m o d e l s  in b u o y a n t  and  n o n - b u o y a n t  f l o w s .  I n  
a d d i t i o n ,  c o m p a r i s o n s  h a v e  b e e n  made b e t w e e n  t h e s e  new c l o s u r e  s chemes  and  
an e x i s t i n g  m i x i n g  l e n g t h  m o d e l .
R e s u l t s  o b t a i n e d  b y  e m p l o y i n g  t h e  l e v e l  two n o d a l  f o r  b u o y a n t  a nd  no n -  
b u o y a n t  f l o w s  a r c  c o n s i d e r e d  t o  be  a n  i mp r o v e me n t  o v e r  t h o s e  o b t a i n e d  by 
e m p l o y i n g  t h e  m i x i n g  l e n g t h  m o d e l .  A s i n g l e  s e t  o f  c o n s t a n t s  was  u s e d  f o r  
a l l  l e v e l  two model  a p p l i c a t i o n s .  Ihil i ke  t h e  m i x i n g - 1  eng  t h  c l o s u r e  scheme 
wh i c h  r e q u i r e s  t u n i n g  o f  t h e  c o n s t a n t s  e m p l o y e d  b y  t h e  model  f o r  e a c h  
i n d i v i d u a l  a p p l i c a t i o n ,  t h e r e  was  no f u r t h e r  t u n i n g  r e q u i r e d  f o r  t h e  l e v e l  
two mode 1.
C o m p a r i s o n  b e t w e e n  model  r e s u l t s  h a v e  shown no s u b s t a n t i a l  i mpr ove me n t  
o f  t h e  l i -e  model  o v e r  t h e  l e v e l  two m o d e l .
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ABSTRACT
In r e c e n t  y c i n ,  d i f f e r e n t  a p p r o a c h e s  f o r  m o d e l i n g  Re y n o l d s  s t r c t t e j  
ha ve  be e n  p u r s u e d  by v a r i o u s  a u t h o r s .  Two d i f f e r e n t  c l o s u r e  s c heme s ,  
r e p r e s e n t i n g  two s c h o o l s  of  t h o u g h t ,  have  b e e n  s e l e c t o d ,  The f i r s t  c l o s u r e  
scheme Is t h e  k - e  mode l .  The s e c o n d  c l o s u r e  scheme i s  t h e  l e v e l  two mo d e l .  
E a c h  g r oup  h a s  c l a i me d  t i n t  t he  p r o p o s e d  m o d e l s  a r e  an I mprovement  a nd  an 
a d v a n c e m e n t  o v e r  p r e v i o u s  model s  e mp l oy i n g  t h e  n i x i n g  l e n g t h  h y p o t h e s i s  a s  a 
c l o s u r e  s c heme .  N e i t h e r  group h o w e v e r ,  has  made t h o r o u g h  c o m p a r i s o n s  
b e t w e e n  t h e  newly p r o p o s e d  schemes  and t h e  m o a t  commonly u s e d  a p p r o a c h  the  
m i x i n g  l e n g t h  h y p o t h e s i s .
The s t a n d a r d  k - e  model  r e q u i r e s  t h e  s o l u t i o n  o f  two p a r t i a l  
d i f f e r e n t i a l  e q u a t i o n s  t o  d e t e r m i n e  R e y n o l d s  s t r e s s e s  and he nc e  c l o s e  t h e  
s e t  o f  e q u a t i o n s  t h a t  gove r n  t h e  mean f l ow.  The f i r s t  e q u a t i o n  s o l v e s  f o r  
t u r b u l e n t  k i n e t i c  e n e r g y ,  k,  w h i l e  t h e  s e c o n d  s o l v e s  f o r  i t s  d i s s i p a t i o n  
r a t e ,  c.  The c l o s u r e  l a  t hen a c c o m p l i s h e d  b y  * s i m p l e  r e l a t i o n s h i p  a s  was 
f i r s t  s u g g e s t e d  by Rodi  ( 1 9 8 0 a ) .
U n l i k e  t h e  k - e  mode l ,  t he  l e v e l  two mode l  d o e s  n o t  r e q u i r e  t h e  s o l u t i o n  
o f  a d d i t i o n a l  e q u a t i o n s .  I n s t e a d ,  Re yno l d s  s t r e s s e s  a r c  c a l c u l a t e d  by a 
s i m p l e  a l g e b r a i c  e x p r e s s i o n .  The l e v e l  two model  c a n  be c o n s i d e r e d  a 
in 1 x i n g — l e n g t h  h y p o t h e s i s  c l o s u r e  scheme m o d i f i e d  by a s t a b i l i t y  f u n c t i o n .
The m a i n  o b j e c t i v e  o f  t h i s  p a p e r  i t  t o  t e s t  t h e  a p p l i c a b i l i t y  o f  t h e  
s t a n d a r d  k - a  and t he  l e v e l  two m o d e l s  i n  b u o y a n t  a n d  n o n - b u o y a n t  f l o w s .  In 
a d d i t i o n ,  c o m p a r i s o n s  have  b e e n  made b e t w e e n  t h e s e  new c l o s u r e  s chemes  and 
a n  e x i s t i n g  m i x i n g  l e n g t h  mode l .  R e a s o n a b l e  a g r e e m e n t  was o b t a i n e d  b e t w e e n  
mode l  r e s u l t s  and t h e  a n a l y t i c a l  s o l u t i o n  f o r  a n o n b n o y a n t  open c h a n n e l  f low 
when  e m p l o y i n g  the  k - c  model .  B e t t e r  r e s u l t s  we r e  a c h i e v e d  by a d j u s t i n g  the  
c o n s t a n t ,  C , p r op o s e d  by Rodi { 1 9 8 0 a )  in t h e  e ddy  v i s c o s i t y  r e l a t i o n s h i p .
As a s e c o n d  t e s t ,  t he  model  was a p p l i e d  t o  a c o n t i n u o u s l y  s t r a t i f i e d  o pe n  
c h a n n e l  f l o w .  D i f f i c u l t i e s  e n c o u n t e r e d  d u r i n g  t h e  s e c o n d  a p p l i c a t i o n  a r c  
i d e n t i f i e d .  Reasons  f o r  the p r o b l e m s  a r e  d i s c u s s e d  a nd  s u g g e s t i o n s  a r e  made 
t o  ove rcome  t h e  s h o r t c o m i n g s .
R e s u l t s  o b t a i n e d  by emp l oy i ng  t h e  l e v e l  two mode l  f o r  b u o y a n t  and non-  
b u o y a n t  f l o w s  a r e  c o n s i d e r e d  t o  be an improvement  o v e r  t h o s e  o b t a i n e d  by 
e m p l o y i n g  t h e  mi x i ng  l e n g t h  m o d e l .  A s i n g l e  s e t  o f  c o n s t a n t s  was u s e d  f o r  
a l l  l e v e l  two model  a p p l i c a t i o n s .  Un l i ke  t h e  m i x i n g - l e n g t h  c l o s u r e  scheme 
w h i c h  r e q u i r e s  t u n i n g  o f  t he  c o n s t a n t s  e mp l o y e d  by t h e  model  f o r  e a c h  
i n d i v i d u a l  a p p l i c a t i o n ,  t h e r e  was  no f u r t h e r  t u n i n g  r e q u i r e d  f o r  t h e  l e v e l  
two mode l .  A d d i t i o n a l l y ,  the c o n s i s t e n t  r e s u l t s  o b t a i n e d  by t h e  l e v e l  two 
mode l  a r e  c o n s i d e r e d  an i mprovement  o v e r  t h e  mi x i n g — I eng t h  model  when 
c ompar ed  w i t h  f lume d a t a  c o l l e c t e d  u n d e r  s t r a t i f i e d  c o n d i t i o n s .
C o m p a r i s o n  be t we e n  model r e s u l t s  have  shown no s u b s t a n t i a l  i mpr ove me n t  
o f  t h e  k - e  model  o v e r  t he  l e v e l  two model  f o r  n o n - b u o y a n t  c h a n n e l  f l o w .  The 
k - e  model  r e q u i r e s  f a r  more c o m p u t e r  t ime  t h a n  t h e  l e v e l  two model  f o r  t h e  
same t e s t  r u n .  The l e v e l  two mode l  i s  s i m p l e r  and e a s i e r  t o  a p p l y  t h a n  the 
k - c  mode l .  S i n c e  no model  run c a n  be made e m p l o y i n g  the  k - e  model  a s  a 
c l o s u r e  scheme for  b u o y a n t  f l o w s ,  no c o m p a r i s o n  c a n  be  made b e t w e e n  t h e  two 
c l o s u r e  s c h e me s  unde r  t h i s  f low c o n d i t i o n .
v i i i
DEDICATION
T hin  w ork  i s  d e d i c a t e d  t o  a y  p a r e n t s .  Z a k i  and Sam iah 
H o u s t a f a  who l o v e d ,  e n c o u ra g e d  and c a r e d  f o r  me a l l  ny e n t i r e  
l i f e .
ADVANCED TUKBtLENCE CLOSURE MODELS ANT) THEIR 
APPLICATION TO BUOYANT AND NON-BUOYANT FLOWS
CBAFTSS I ,
nraooucnoN
T u r b u l e n t  m o t i o n  i s  c h a r a c t e r i s e d  • * u n s t e a d y ,  h i g h l y  random,  and  
s t r o n g l y  t h r e e  d i m e n s i o n a l ,  A mors  p r e c i s *  d e f i n i t i o n  i s :  " T u r b u l e n t  
f l u i d  n o t i o n  i t  i n  I r r e g u l a r  c o n d i t i o n  o f  f low i n  w h i c h  t h e  v a r i o u s  
q u a n t i t i e s  show a r andom v a r i a t i o n  w i t h  t i n t  and a p a c e ,  so  t h a t  
■ t a  t  i a t  l e a  1 l y  d i s t i n c t  a v e r a g e  v a l u e s  can  be d i  a c e r n e d  ,f { l l l n r e ,  1 9 5 9 ) ,  
The  a t a t e  o f  t u r b u l e n t  m i r i n g  m o t i o n  i s  r e s p o n s i b l e  n o t  o n l y  f o r  an  
e x c h a n g e  o f  momentum,  b u t  a l s o  f o r  e n h a n c i n g  t h e  t r a n s f e r  o f  h e a t  a n d  
m a n  i n  f i e l d s  o f  f l ow a s s o c i a t e d  w i t h  n o n - u n i f o r m  d i s t r i b u t i o n s  o f  
t e m p e r a t u r e  o r  c o n c e n t r a t i o n .
E s t u a r i e s  p r e s e n t  o n e  o f  t h e  g r e a t e s t  c h a l l e n g e s  t o  e n v i r o n m e n t a l  
s c i e n t i s t s .  The c o m p l i c a t e d  n a t u r e  o f  d i f f e r e n t  f o r c i n g  f u n c t i o n s  ( e . g .  
t i d e s ,  w i n d ,  f r e i h - v e t e r  e t c . )  c o n t i n u o u s l y  a c t i n g  on f l u i d  I n  an 
i r r e g u l a r  c h a n n e l  r e s u l t s  i s  t u r b u l e n t  f l ow.  B e c a u s e  o f  I t s  c o m p l i c a t e d  
n a t u r e ,  i t  l a  u n l i k e l y  t h a t  s c i e n t i s t *  w i l l  a c h i e v e  a c o m p l e t e  
u n d e r s t a n d i n g  o f  t h e  me c ha n i s m o f  t u r b u l e n c e ,  y e t ,  i t  l a  t b e i r  t a s k  t o  
p r e d i c t  v e l o c i t y  and  t r a n s p o r t  o f  h e a t  s a d  mass  phenomena  e x i s t i n g  i n  
t h e  n a t u r a l  e n v i r o n m e n t .
Due t o  o s c i l l a t i n g ,  u n s t e a d y  n o n - u n i  form f l o w n ,  e s t u a r i e s  a r e  among 
s y s t e m s  f o r  w h i c h  t r a n s p o r t  sod h i s t o r y  e f f e c t s  o f  t u r b u l e n c e  a r e  n o t
3i d « | u t i l j  i M a t o U d  f o r  by i  mixing l e n g th  a o d i l  (Smith  ind T ik l i i r ,
1981 ) .  F o r  • u i p l t ,  n o d # l s i m u l a t i o n *  thow t b i t  low v e l o c i t y  | r i d l « n t i  
( i , e  n e a r  a l a c k  w a t e r )  r e m i t  l a  law ed d y  v i s c o s i t y  ( L e o n a r d .  1977)  
a l a o ,  a v e l o c i t y  r c v e r t a l  t a p l i n  a a e r o  e ddy  v i s c o s i t y  ( B l u mb e r g ,
1973)  b o t h  a r e  no t  o b i e r v e d  In p r o t o t y p e a .  I n  a d d i t i o n ,  t h e  l e n g t h  
a c a l e ,  r e q u i r e d  by t h e  m i r i n g  l e n g t h  h y p o t h e a i i ,  i t  d i f f i c u l t  t o  d e f i n e  
I n  a c r e  complex f lowa ( R o d i ,  1 9 6 0 a ) .
P r e d i c t i n g  f l ow b e h a v i o u r  I n  a t u r b u l e n t  e n v i r o n m e n t  by way o l  
l a b o r a t o r y  t n d  f i e l d  e x p e r i m e n t *  1* t e d i o u s ,  t  i n e - c o u s u m l n g  e nd  v e r y  
e r p e n a i v e .  On t h e  o t h e r  h a n d ,  p r e d i c t i o n  by t h e  way a f  c o m p u t a t i o n a l  
me t hod* ,  o n c e  f o r m u l a t e d ,  1* e a a i e r  t o  a p p l y  t o d  more  e c o n o m i c a l .  Thu*,  
moat  i c i e n t i * t • and e n g i n e e r *  p r e f e r  t h e  ae cond  a p p r o a c h ,
A. M ean-flow  e q u a t io n *  and th e  problem  o f  c lo s u r e
I n  o r d e r  t o  a c c u r a t e l y  c omput e  t h e  t u r b u l e n t  t r a n s p o r t  p r o c e s s  i t  
a l l  p o i n t *  i n  t i n e  and a p a c e ,  t h e  c o m p l e t e  N a v i e r - S t o k e *  e q u a t i o n !  
s h o u l d  be  s o l v e d .  T h e r e  e r l t t *  no g e n e r a l  s o l u t i o n  f o r  t h e  e x a c t  
e q u a t i o n s .  Thus ,  t o  a r r i v e  a t  a c o m p u t a t i o n a l l y  t r a c t a b l e  
c o n f i g u r a t i o n ,  a p p r o x i m a t i o n s  mus t  be  i n t r o d u c e d  f o r  t h e  t u r b u l e n c e  
c o r r e l a t i o n s  i n  t h e  form o f  model  a a s u u p t i o n a ,  P r e d i c t i o n *  o f  t u r b u l e n t  
f low f i e l d * ,  t e m p e r a t u r e  and c o n c e n t r a t i o n ,  d e v e l o p e d  so f a r  have  b e e n  
b as*d  on e m p i r i c a l  o r  t e u i - e m p i r i c e l  h y p o t h e  t o t .
I n  o r d e r  t o  e s t a b l i s h  a t u r b u l e n c e  mo d e l ,  a r e l a t i o n s h i p  b e t w e e n  
the  Reyno l d*  s t r e s s e s ,  p r o d u c e d  by t h e  m i x i n g  m o t i o n  and t h e  mean v a l u e *  
o f  t he  v e l o c i t y  c o m p o n e n t s ,  s h o u l d  be  e s t a b l i s h e d  a s  w e l l  a* a s u i t a b l e  
h y p o t h e s i s  c o n c e r n i n g  h e a t  a nd  mass  t r a n s f e r .  I n  o t h e r  wor d* ,  a 
t u r b u l e n c e  model  s h o u l d  r e l a t e  t u r b u l e n t  t r a n s p o r t  q u a n t i t i e s  t o  t h e
4v a i n * *  o f  M a n  f l u * .  A t u r b u l e n c e  modal  c a n  b* d e f i n e d  t i  a * e t  o f
e q u a t i o n *  from wh i c h  t u r b u l e n t  t r a n s p o r t  t a n a *  can  be d e t e r m i n e d  and
t h u s  e l o a a  t he  s y s t e m g o v e r n i n g  t h a  m a a n - f l o w ,  T u r b u l e n c e  n o d a l *  
s i m u l a t e  t ha  a f f e c t  o f  t u r b u l e n t  p r o c e s s * *  o n  tha  m e a n - f l o w  b e h a v i o u r .  
S i n e *  t h e y  a r e  n o t  t h a  e x a c t  a q u a t i o n * ,  t u r b u l a n c t  n o d a l *  r e q u i r e  
e m p i r i c a l  i n p u t  I n  t h e  form o f  c o n * t i n t *  o r  f u n c t i o n * .
D e c a n t *  t h e  N a v i e r - S t o t e  * a q u a t i o n *  a t  p r a a a n t .  c a n  n o t  be s o l v e d
f o r  t n r f a u l a a t  f l ow*  a n d  l i n c e  we a r e  not  i n t e r e a t a d  i n  t h e  d e t a i l *  o f  
f l u c t u a t i n i  m o t i o n ,  a a t m t l a t i c a l  a p p r o a c h  1* t i t a n .  The  i n s t a n t a n e o u s  
v a r i a b l e *  a r e  d e c o a p o a e d  i n t o  two t e r m*:  a  moan v a r i a b l e  a nd  a d e p a r t u r e  
from t h a t  mean.  I n  p r a c t i c a l  a p p l i c a t i o n ,  t h e  mean v a r i a b l e *  c o u l d  b* 
t h e  i v e r a i e  v a l u e *  o v e r  a p p r o p r i a t e  t e m p o r a l  a n d / o r  a p a t l a l  d o m a i n * .  
T a k i n g  t h a  a v e r a g e  p r o d u c e *  t he  e q u a t i o n *  g o v e r n i n g  t h e  me a n  v a r i a b l e * .  
The t i n e  p e r i o d  l o r  i p a t i a l  domain)  o f  a v e r a g e  t h o u I d  b e  l o n g e r  ( o r  
l a r g e r )  t han  t h e  t u r b u l e n t  f l u c t u a t i o n *  and  a b o r t * r  t h a n  t h e  t i m e  ( o r  
• p a t i a l )  i d l e  o f  mean f l o w .  The r e t e l l i n g  a q u a t i o n *  d e c c r i b t  t b e  
d l t t r l b u t i o n  o f  mean v e l o c i t y ,  t e m p e r * t o r e , and  * p e c i e *  c o n c e n t r a t i o n  i n  
t b e  f l o w  and t h u *  t h e  q n a n t i t i e *  o f  pr ime i n t e r e s t .  U n f o r t u n a t e l y ,  t he  
a v e r a g i n g  p r o c e s s  c r e a t e *  a new p r o b l e n .  The e q u a t i o n *  no l o n g e r  d e f i n e  
a c l o s e d  s y s t e m a i n c e  t h e y  c o n t a i n  unknown c o r r e l a t i o n  t e r m *  
r e p r e t e n t i n g  t h *  t r a n s p o r t  o f  mean monaotuai ( Re y n o l d s  s t r e s s ) ,  a n d  h e a t  
o r  m a t s  (Reynold*  f l u x )  t r a n s p o r t  v i a  t u r h n l e n t  m o t i o n .  The c l o a n r e  f o r  
t h e s e  e q u a t i o n *  can o n l y  be  a c h i e v e d  by e m p i r i c a l  f o r m u l a  o r  by a 
t u r b u l e n c e  mo d e l .
5B. I a t i a t  o f  t h i s  l m i t l i i t i o t
Tbe  l a t e n t  o f  t h l >  i n v e s t i g a t i o n  1* t o  ta ip lo y  t v o  d i f f e r e n t  c l o s c r e  
s c heme s ,  k- 1  e nd  l e v e l  two mo d e l s .  A p p l i c a t i o n  a nd  c o m p a r i s o n s  w i l l  be 
a e d e  b e t w e e n  t b e  two c e l e c t e d  schemes e nd  en e x i s t i n g  m i x i n g - l e n g t h  
model  m i n g  t h e  i n i l p t l c i t  t o l n t l o n  f o r  ope n  c h a n n e l  f l ow a t  a f l r e t  
t e s t .  A* a s e c o n d  t e a t ,  t h e i e  echemea w i l l  be  a p p l i e d  t o  a c o n t i n u o u s l y  
a t r a t l f i e d  o p e n  c h a n n e l  f low.  R e s u l t *  o b t a i n e d  f rom t h e  p r e v l o n i  t e a t *  
w i l l  be  compar ed  and d i s c u s s e d .
A number  o f  e a t  n a r y  model* e z i a t  ( C e r c o ,  1 9 8 2 ) ,  moa t  o f  wh i ch  n a t  
m i x i n g - l e o g t h  h y p o t h e s i s  t o  c a l c u l a t e  e d d y  v i a c o i l t y  a nd  t h n e .  r e q u i r e  
e m p i r i c a l  c o n s t a n t * .  Tbe e t e n d a r d  k - s  mode l  doe  a n o t  r e q u i r e  t u n i n g  o f  
a l l  c o n a t a a t t  e mpl oye d  i n  t b e  model  f o r  e a c h  I n d i v i d u a l  a p p l i c a t i o n .
Tbe k - t  model  a h o u l d  a l t o  p r o v i d e  more r e e l i t t i c  r e m i t s  a* e u g g e e t e d  by 
Rodi  ( 1 9 8 0 a ) .  On t h e  o t b e r  h a n d ,  t be  l e v e l  two model  r e q u i r e *  s e v e r a l  
e m p i r i c a l  c o n a t a n t *  t o  d e t e r m i n e  t h e  s t a b i l i t y  f u n c t i o n  ( W e l l o r  and 
Yaunde ,  1 9 8 2 ) .  T h ese  c o n s t a n t *  can be  d e d u c e d  f rom n e u t r a l  c o n d i t i o n * .
T h i i  i n v e s t i g a t i o n  i n t e n d s  t o  a n s w e r  t h e  f o l l o w i n g  q u e s t i o n s :
1 -  Are t h e  p r o p o s e d  mo d e l s ,  k~t  o r  l e v e l  t wo ,  e a s i e r  t o  a p p l y  t h a n  
a m i x i n g - l o n g t h  modal  T
2 — Do t h e  p r o p o s e d  model s  p r o v i d e  more  r e a l i s t i c  r e s u l t s  t h e n  * 
m i i l n g - l e n g t h  model  T
J — Are r e s u l t s  I mpr oved ,  i f  so a r e  t h e  m o d e l *  w o r t h w h i l e  p u r s u i n g  T
To a n s we r  t h e e #  q u e s t i o n s ,  t be  k— ■ a nd  l e v e l  two m o d e l s  w i l t  be 
compar ed  w i t h  an e x i s t i n g  m i r i n g - l e n g t b - m o d * I . Agr e e me n t  b e t w e e n  t h e  
mo d e l s  w i t h  a n a l y t i c a l  s o l u t i o n s ,  a nd  w i t h  e x p e r i m e n t a l  d a t a  w i l l  be 
e x a mi ne d .  C o m p u t a t i o n  t i n *  f o r  e l l  m o d e l s  w i l l  be  n o t e d  a*  ons 
benchmark  o f  p e r f o r m a n c e .
C H A P T B K  I I .
GOVERNING EQUATIONS AND TURBULENCE 
CLOSURE MODELS
A. l u i r f l n  fq u t io if  ud ih* pcobln of e lofu t
T he v e i l  e s t a b l i s h e d  l e t  o f  d i f f e r e n t i a l  e q u a t i o n s  which 
d e s c r i b e s  t h e  d y n a m i c s  o f  a n  e s t u a r y  a r e :  t h e  momentum b a l a n c e  e q u a t i o n ,  
t h e  c o n t i n u i t y  e q u a t i o n ,  t h e  c o n s e r v a t i o n  o f  s a l t  e q u a t i o n ,  and t h e  
e q u a t i o n  o f  s t a t e .  F o r  a n  i n c o m p r e s s i b l e  f l o w ,  i n  a r o t a t i n g  c o o r d i n a t e  
s y s t e m ,  s u c h  a s  t h e  e a r t h ,  a nd  by e m p l o y i n g  t h e  D o u n i n e s q  
a p p r o x i m a t i o n ,  t h e s e  e q u a t i o n s  c a n  be  e x p r e s s e d  in t e n s o r  n o t a t i o n  a s
moment  tun c o n s e r v a t i o n
i
d u .  3 n ,  + _ 3 u ,  .
s r  ♦ “ j  » r  * -  -  i j ® -  ♦ v  s i p r j  * * i  i £  , 2 - n
mass  c o n s e r v a t i o n :  c o n t i n u i t y  e q u a t i o n
e q u a t i o n  o f  s t a t e
p - p ( l .  + a T  + ps> ( 2 - 4 )0
i n  wh i c h
" C a r t e s i a n  s p a c e  c o o r d i n a t e  
u^ " i n s t a n t a n e o u s  c ompone n t  o f  v e l o c i t y  i n  d i r e c t i o n
V  ~ k i n e m a t i c  v i s c o s i t y
pt  “ r e f e r e n c e  d e n s i t y ,  a c o n s t a n t
p * d e n i i t y
Ap -  ( p -  p t  )
t  * t i m e
a “ s a l i n i t y
T 3 t e m p e r a t u r e
P -  p r e s s u r e
a J p ■ e m p i r i c a l  c o n s t a n t s
g^ " a c c e l e r a t i o n  due  t o  g r a v i t y
D -  m o l e c u l a r  d i f f u s i o n  c o e f f i c i e n t
A ’  a n g u l a r  v e l o c i t y  o f  t h e  e a r t h ’ s r o t a t i o n
* a l t e r n a t i n g  i s o t r o p i c  t e n s o r
» +1 i f  i ,  J ,  k  a r e  In  c y c l i c  o r d e r
"  - 1  i f  i ,  J ,  k  a r e  i n  a n t i c y c l i c  o r d e r
•  0 i f  any t v o  i n d i c e s  a r e  r e p e a t e d
C o e f f i c i e n t s  a  and p o f  e q u a t i o n  ( £ - 4 )  a r e  f u n c t i o n s  o f  
t e m p e r a t u r e .  The d e n s i t y  o f  s e a  w a t e r  d e p e n d s  on b o t h  t h e  s a l i n i t y  and 
t e m p e r a t u r e ,  b u t  i n  e s t u a r i e s  t h e  s a l i n i t y  r a n g e  ( s p a t i a l  g r a d i e n t }  i s  
l a r g e  and t e m p e r a t u r e  r an g e  i s  g e n e r a l l y  m i l l ,  C o n s e q u e n t l y  
t e m p e r a t u r e  h a t  a r e l a t i v e l y  s m a l l  I n f l u e n c e  on the  d e n s i t y  and may be  
i g n o r e d .  F u r t h e r m o r e ,  f o r  a n a r r o w  b o d y  o f  w a t e r  such  a s  an e s t u a r i n e
sr i v e r *  t be  e f f e c t  o f  t h e  e a r t h ' s  r o t a t i o n  i n  t b e  momentum e q u a t i o n  c a n  
a l s o  be  a i f l e c t e d .  By i n t r o d u c i n g  t he  p r e c e d i n g  c o a t i d e r i t i o n i ,  
e q u a t i o n s  ( 2 - 1  t o  2 - 4 )  c m  bo s i m p l i f i e d .  The r e s u l t i n g  e q u a t i o n s ,  
h owe ve r ,  c i n n o t  a t  p r e s e n t  be  s o l v e d  f o r  t he  t u r b u l e n t  f l ows  o f  mein  
i n t e r e s t  i . e .  f low i n  e s t u a r i e s .  I n  o r d e r  t o  s i m p l i f y  a nd  r e t c h  a 
s o l v a b l e  s e t  o f  e q u a t i o n s ,  Re y n o l d s  ( c i t e d  f rom S c h l i c h t i n g ,  1968)  
decomposed t h e  i n s t a n t a n e o u s  v a r i a b l e s  i n t o  a ea a  v a r i a b l e  and a 
d e p a r t u r e  f rom t h a t  mean.  Thus
S u b s t i t u t i n g  e q u a t i o n s  2 - 5  i n t o  2 - 1  t o  2 - 4  and t a k i n g  t h e  a v e r a g e  
p r o d u c e s  t he  e q u a t i o n s  g o v e r n i n g  t h e  mean v a r i a b l e s .  The t i me  p e r i o d  
( a n d / o r  s p a t i a l  doma i n )  o f  a v e r a g i n g ,  as  m e n t i o n e d  i n  c h a p t e r  1,  s h o u l d  
be l o n g e r  t h a n  t h e  t ime  ( o r  s p a t i a l )  s c a l e  o f  t u r b u l e n t  f l u c t u a t i o n s  and 
s h o r t e r  t h a n  t h e  t ime  ( o r  s p a t i a l )  s c a l e  o f  mean f low ( e . g  t i d a l  p e r i o d  
in e s t u a r i e s ) .  Tbe a p p l i c a t i o n  o f  Re yno l d s  r u l e s  o f  a v e r a g i n g  r e s u l t s
( 2 - 5 )
■ -  S + *
l a  wh i c h
U^, P,  S ■ means  o f  v e l o c i t y ,  p r e s s u r e ,  s a l i n i t y  and
, p ,  s ■ d e p a r t u r e !  f rom t h o s e  means
i n
i
( 2 - 6 )
* 0 ( 2 - 7 )
i
£S 3__ 
flt D i j ( l ^ S  > -
(2- 8 )
p = p# ( 1 . 0  + pS) ( 2 - 9 )
9I n  mos t  f low r e g i o n s ,  the t u r b u l e n t  s t r e s s e s  u , u .  s a d  f l u x e s  u . si j  1
a r e  much l a r g e r  t ha n  t h e i r  m o l e c u l a r  c o u n t e r p a r t s  wh i c h  a r e  t h e r e f o r e  
n e g l e c t e d  In  e q u a t i o n s  ( 2 - 6 )  and ( 2 - 8 ) .
The a b o v e  s e t  c o n t a i n s  the e q u a t i o n s  g o v e r n i n g  t h e  m e a n - f l ow  
v a r i a b l e s .  T hey  no l o n g e r  form a c l o s e d  se t  dne t o  t he  p r e s e n c e  o f  t he  
t u r b u l e n t  s t r e s s e s  and f l u x e s .  These  e q u a t i o n s  ( 2 - 6  t o  2 - 9 )  , c o n t a i n  
more  unknowns t h a n  t he  e q u a t i o n s  a v a i l a b l e  to s o l v e  them.
The s y s t e m  o f  e q u a t i o n s  can o n l y  be s o l v e d  i f  t u r b u l e n c e
I I  t t
c o r r e l a t i o n s  u j uj  tn<  ^ a ^a et t t  *>e d e t e r m i n e d ,  Tn f a c t ,  t h e  
d e t e r m i n a t i o n  o f  t h e s e  c o r r e l a t i o n s ,  o r  t h e  c l o s u r e  scheme,  l a  t h e  ma i n  
p r o b l e m  In  c a l c u l a t i n g  t u r b u l e n t  f l o w s .  S i nce  t h e  s o l u t i o n  o f  e x a c t  
e q u a t i o n s  c a n  n o t  be c a r r i e d  out  i n  p r a c t i c e  a t  t h e  p r e s e n t  t i n e ,  a l l  
c l o s u r e  t e c h n i q u e s  have b e e a  d e v e l o p e d  u s i n g  a p p r o x i m a t i o n s .
B. C l a s s i f i c a t i o n  o f  tnrbulence models
The r e  e x i s t  two ways to c l a s s i f y  t u r b u l e n t  c l o s u r e  m o d e l s .  The 
m o a t  commonly u s e d  scheme f o r  c l a s s i f y i n g  t n r b u l e n c e  m o d e l s  i s  a c c o r d i n g  
t o  how many e q u a t i o n s  a r e  u s e d  f o r  c l o s u r e  ( Hod i ,  1 9 8 0 a ) ,  The second 
a p p r o a c h  i s  d e p e n d e n t  on t b e  Compl ex i t y  o f  t he  c l o s u r e  scheme and the  
o r d e r i n g  o f  t e r m s  a p p e a r i n g  in Re yno l d s  s t r e s s  e q u a t i o n s  ( M e l l o r  and 
Yamada,  1 9 8 2 ) .  R o d i ’ s c l a s s i f i c a t i o n  i s  a d o p t e d  h e r e i n  w i t h  r e f e r e n c e  
t o  H e l l o r  and  Yamsds’ s c l a s s i f i c a t i o n  when a p p r o p r i a t e .
B - l  Z s r e ' s q u t l c s  model*
The s i m p l e s t  method t o  s o l ve  t b e  c l o s u r e  p r ob l e m i s  t o  r e p l a c e  o r  
a p p r o x i m a t e  Re yno l d s  s t r e s s e s  and f l u x e s  d i r e c t l y .  T h i s  t e c h n i q u e  l e a d s  
t o  B o u s s i n e s q ' s  eddy v i s c o s i t y  c o n c e p t  and P r a n d t l ’ s m i x i n g  l e n g t h
1 0
h y p o t h e t i c  ( c i t e d  from S c h l l o h t i n g ,  1 9 6 8 ) .  D o u i i l n c j q  a s s u m e d  t h a t :  
a n a l o g o u s  t o  t h e  v l i c o u s  s t r e s s e s  i n  l a m i n a r  f l ow ,  ’ t u r b u l e n t 1 o r  
Re y n o l d s  s t r e s s e s  e r e  p r o p o r t i o n a l  t o  t h e  c e n t  v e l o c i t y  g r a d i e n t  t n d  may 
be e z p r o s s e d  ( I l i n t a ,  1959)  a t
au( ail 2
i V  * K , 1 - 5 * ‘ ij <2- 10>
T u r b u l e n t  h e a t  o r  mate  t r a n s p o r t  l a  a s s u m e d  t o  be r e l a t e d  t o  t h e
g r a d i e n t  o f  t h e  t r a n s p o r t e d  q u a n t i t y  
"T ^*7 i e
-  “ i » ■ r  I f -  u - m
1 s * i
i n  wh i c h
" t h e  E r o n e c k e r  d e l t a  1 j  “  ^ *o r  1 ^  J in t* ^ i j *  1 ^
I f  -  t h e  t u r b u l e n t ,  n r  e ddy  v l t c o a l t y  
k ■ t u r b u l e n t  k i n e t i c  e n e r g y  p e r  u n i t  mas s  
I" -  t he  t u r b u l e n t  d i f f u s i v i t y  o f  s a l t
The Re yno l d*  a n a l o g y  b e t w e e n  momentum a n d  m a n  t r a n s p o r t  s u g g e s t  t h a t  I"1 
l a  c l o s e l y  r e l a t e d  t o
vt
V  r  IJ- I2>
where  o (  I s  t h e  t u r b u l e n t  S c h m i d t  n t uabe r .
One c a n  t e e  t h a t  t h e  p r o b l e m  o f  c l o t u r e  b a t  b e e n  s h i f t e d  t o w a r d s  
the  d e t e r m i n a t i o n  o f  t h e  e d d y  v i s c o s i t y .  The B o u s s l n e s q  a s s u m p t i o n  h a s  
t h e  g r e a t  d i s a d v a n t a g e  t h a t  e ddy  v i s c o s i t y  l a  n o t  a f l u i d  p r o p e r t y  b u t  
d e p e n d s  on t h e  a t a t e  o f  t u r b u l e n c e .  The  eddy v i s c o s i t y  c o n c e p t  o f f e r s  
no s o l u t i o n  t o  d e s c r i b e  t h i s  d e p e n d e n c y .
Two p o i n t s  have  t o  be a d d r e s s e d  b e f o r e  p r o c e e d i n g  any  f u r t h e r .
F i r s t  o f  a l l ,  t h e  t e r m i n v o l v i n g  t h e  k r e n e c k e r  d e l t a  i n  e q u a t i o n  2 - 1 0  i s
a d d e d  t o  e n s u r e  t h a t  t h e  sum o f  n o r ma l  s t r e s s e s  i s  t w i c e  t h e  k i n e t i c
e n e r g y  ( R o d i ,  1 9 8 0 a ) . When i e q u a l *  J and i u u i  o v e r  1 ,  2 and 3 i n  
e q u a t i o n  2 - 1 0 ,  t h e  f i r s t  t e r m on t h e  r i g h t  hand  t i d e  b e c ome i  i e r a  by 
c o n t i n u i t y  l e a v i n g  uc w i t h  no r ma l  a t r e u e i ,  T b e t e  n o r ma l  s t r e s s e s  a c t  
a s  p r e s s u r e  t e r n *  b u t  do no t  n e e d  t o  be d e t e r m i n e d  t i n c e  t h e y  a r e  much 
s m a l l e r  t h a n  t h e  p r e s s u r e  terra i n  e q u a t i o n  2 - 6 .  The s econd  p o i n t  
p e r t a i n s  t o  R e y n o l d s  a n a l o g y  whi ch  a s  tunica t h a t  t h e  m a g n i t u d e  o f  
t u r b u l e n t  eddy  v i s c o s i t y  a nd  t u r b u l e n t  e ddy  d i f f u s i v i t y  a r e  a l w a y s  t he  
same.  A c c o r d i n g  t o  t h i s  a s s u m p t i o n ,  t h e  Sc h m i d t  number  i n  e q u a t i o n  2 -1 2  
i s  d e f i n e d  a s  u n i t y .  L a u n d e r  ( 1976 )  r e p o r t e d  t h a t  a Sc hmi d t  number  o f  
0 , 7  i s  a r e a s o n a b l e  v a l u e  t o  be u s e d  f o r  i nhomogeneon*  f r e e  s h e a r  f l o w s .  
On t he  o t h e r  h a n d ,  J o b s o n  a nd  S a y r e  ( 1 9 7 0 ) ,  i n  a s t u d y  o f  an open  
c h a n n e l  t u r b u l e n t  s h e a r  f l ow,  r e p o r t e d  t h a t  t h e  Sc h m i d t  number  i s  e q n a l  
t o  u n i t y  t h u s  maki ng  R e y n o l d s  a s s u m p t i o n  v a l i d .  I n  e s t u a r i e s  howe ve r ,  
v e r t i c a l  s h e a r  p r e d o m i n a t e s ,  a s  i t  d oe s  i n  o p e n  c h a n n e l  f l ow.
T h e r e f o r e ,  a Sc h m i d t  number  o f  1 , 0  w i l l  be  a d o p t e d  f o r  t h i s  s t u d y .
B—1 -1  C o n s t a n t  ed d y  v i s c o s i t y
S i n c e  t h e  B o u s a l n e s q  a s s u m p t i o n  h a s  o f f e r e d  no r e l a t i o n  t o  
d e s c r i b e  t he  d e p e n d e n c y  o f  ^  on t u r b u l e n c e ,  a c o n s t a n t  v a l u e  f o r  I f  ^  ha*  
b e e n  empl oyed  a s  a d i r e c t  a p p r o * i m a t i o n  f o r  R e y n o l ds  s t r e s s  ( P r i t c h a r d ,
1956  } Ha n s e n  and R a t t r a y ,  1965 } F e a t s  and J l a ns e n ,  1 9 7 6 ) .  I t  i s  a p p a r e n t  
t h a t  t h e  c o n s t a n t  eddy v i s c o s i t y  a s s u m p t i o n  b a t  f a i l e d  t o  c o n s i d e r  the 
v a r i a t i o n  i n  V  w i t h  r e s p e c t  t o  s p a c e  and t i m e .  A c o n s t a n t  however ,
i n  some c a s e s  h a s  b e a n  s u c c e s s f u l l y  a p p l i e d  t o  o b t a i n  r e s u l t *  a t  a f i r s t  
o r d e r  a p p r o x i o a t I o n  (Le H e h a u t e ,  1 9 7 6 ) ,  On t he  o t h e r  h a n d ,  a c o n s t a n t  
v a l u e  f o r  V  d i d  n o t  a c c u r a t e l y  r e p r o d u c e  t h e  o b s e r v e d  v e r t i c a l  v e l o c i t y
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a nd  s a l i n i t y  p r o f i l e *  i n  e s t u a r i e *  (Ilowden a nd  H a m i l t o n ,  1 9 7 5 ;  E l l i o t ,  
1976} H a m i l t o n ,  1975} Vang and K r a v l t z ,  1 9 8 0 ) .
The u s e  o f  a c o m t a n t  eddy v i s c o s i t y  b a a  f a i l e d  t o  g a i n  
p o p u l a r i t y  i n  t he  f i e l d  o f  h y d r a u l i c s  b e c a u s e  o f  I t s  l i m i t e d  r a n g e  o f  
a p p l i c a t i o n  ( R o d i ,  1 9 8 0 a ;  R e y n o l ds ,  1 97 4 ) .  P a r  e x a m p l e ,  i n  a f u l l y  
d e v e l o p e d  o p e n  cha nne l  f l o w ,  eddy v i s c o s i t y  h a s  an a l m o s t  p a r a b o l i c  
d i s t r i b u t i o n  w i t h  d e p t h  ( S c h l l c b t i n g , 1966) ,  T h e r e f o r e ,  a c o n s t a n t  eddy 
v i s c o s i t y  w i l l  p r e d i c t  a n  u n r e a l i s t i c  d i s t r i b u t i o n  f a r  v e r t i c a l  
t u r b u l e n t  t r a n s p o r t  p r o c e s s e s .  T h e  l i m i t e d  a p p l i c a b i l i t y  o f  a c o n s t a n t  
eddy  v i s c o s i t y  has  l ed  w o r k e r s  t o  d i s c a r d  t h i s  a p p r o a c h  and s e e k  o t h e r  
t e c h n i q u e  s .
I f i i i n g — l e n g t h  model
I n  o r d e r  t o  i mpr ove  the  p r e c e d i n g  m e t h o d .  I t  i s  n e c e s s a r y  t o  f i n d  
an e m p i r i c a l  r e l a t i o n  be t we en  the  e d d y  v i s c o s i t y  a n d  t h e  mean 
v e l o c i t y ,  P r a n d t l  made an i m p o r t a n t  a dva nce  i n  t h i s  d i r o c t i o n .  I n  h i s  
Mix i ng  L e n g t h  h y p o t h e s i s .  F r a u d t I  as sumed t h a t  J) was p r o p o r t i o n a l  t o  a
I
c h a r a c t e r i s t i c  f l u c t u a t i n g  v e l o c i t y  V and a c h a r a c t e r i s t i c  l e n g t h  s c a l e  
L,
]S * V' •  L ( 2 - 1 3  >
I n  t w Q - d i m e a a t o n a l  c h a n n e l  f low w i t h  f low d i r e c t i o n  p a r a l l e l  t o  t h e  x-
■
a x i s  and t h e  y - a x i s  i s  d i r e c t e d  u p w a r d ,  V i s  r e l a t e d  t o  t h e  mean 
v e l o c i t y  , U, by
V* -  L < 2 - t 4 >ay
S u b s t i t u t i n g  e q u a t i o n  2 -1 4  in  2 -1 3  r e s u l t s  i n
V  -  \  L* i ?  ( 2 - 1 5 )
t  d y
in wh i c h
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A -  an e m p i r i c a l  c o m t i n t
I t  a b o u l d  be n o t e d  t h a t  t he  c o n s t a n t .  A, i n  t h e  above  e q u a t i o n  
can  now be i n c l u d e d  w i t h  t h e  unknown m i x i n g  l e n g t h ,  L,  One c a n  a l s o  
o b s e r v e  t h a t  1^ ,  w i l l  in g e n e r a l ,  be  a f u n c t i o n  o f  p o s i t i o n  and t ime .
F o r  g e n e r a l  f l o w s ,  t he  n i x i n g  l e n g t h  h y p o t h e s i s  may be  w r i t t e n  as  
f o l l o w s  ( R o d i ,  1980a)
j  3 u. a u  a u  \
K  '  L  I j — + r J  » '  12- l f i )
t j  a ‘ j  s * ,
E q u a t i o n  ( 2 - 1 6 )  can  now be i n t r o d u c e d  i n t o  e q u a t i o n  2 - 1 0  i n  o r d e r  
t o  a c c o u n t  f o r  a l l  Re y n o l d s  s t r e s s  c o m p o n e n t s .  The m i x i n g  l e n g t h  
h y p o t h e s i s  r e l a t e s  t h e  eddy v i s c o s i t y  t o  t h e  l o c a l  m e a n - v e l o c i t y  
g r a d i e n t  a nd  m a t h e m a t i c a l l y  d e s c r i b e s  t h i s  r e l a t i o n s h i p ,  P r a n d t l ' i  
h y p o t h e s i s  i n t r o d u c e s  a new unknown,  L,  wh i c h  mus t  be  d e t e r m i n e d .  The 
c h a r a c t e r i s t i c  l e n g t h  s c a l e  i s  n o t  a f l u i d  p r o p e r t y  b a t ,  a s  t he  eddy 
v i s c o s i t y ,  d e p e n d s  on the  s t a t e  o f  t u r b u l e n c e  a nd  t h e  g e o me t r y  o f  t he  
f l ow.  Thus ,  any e x p r e s s i o n  t h a t  d e s c r i b e s  L must  a c c o u n t  f o r  a l l  t h e s e  
e f f e c t s .  V a r i o u s  f o r m a l s e  a r e  a v a i l a b l e  t o  a p p r o x i m a t e  t h e  l e n g t h
s c a l e .  Most  l e n g t h  s c a l e  f o r mu l a e  r e p o r t e d  i n  t h e  l i t e r a t u r e  were
e x p e r i m e n t a l l y  o b t a i n e d .  The f i r s t  a p p r o x i m a t i o n  i s  p u r e l y  e m p i r i c a l  
and o n l y  v a l i d  f o r  s p e c i a l  c a t e s  (Le Me ha u t e ,  1 9 7 6 ) .  F o r  e x a m p l e ,  
a g a i n s t  t h e  w a l l  o f  a p i p e ,  L i s  a s sumed  t o  be  l i n e a r l y  r e l a t e d  t o  t h e
d i s t a n c e  Y f rom t he  w a l l  a s  f o l l o w s
L -  a Y ( 2 - 17 )
in  whi ch
a -  e m p i r i c a l  c o n s t a n t
Von Karmsn d e v e l o p e d  an e x p r e s s i o n  w h i c h  d e t e r m i n e s  L i n d e p e n d e n t  
o f  f low t ype  ( c i t e d  from La u n d e r  a nd  S p a l d i n g ,  1 9 7 2 J B r a d s h a w ,  1 9 7 2 ) .
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tie a s s u m e d  t h a t  L i t  t h e  r a t i o  o f  t h e  f i r s t  t o  t he  s econd  d e r i v a t i v e  o f  
t h e  mean v e l o c i t y .  l a  a w e l l  d e v e l o p e d  c h a n n e l  f l o w ,  a maximum v e l o c i t y  
o c c u r s  a t  some d i s t a n c e  f r om the  b o t t o m  b o u n d a r y .  A c c o r d i n g  t o  Von 
K a r n u n ' l  s i m i l a r i t y  h y p o t h e s i s ,  i s  z e r o  a t  t h i s  l o c a t i o n .  To avoid  
s u c h  a d i s c r e p a n c y ,  P r a n d t l  p r o p o s e d  a d i f f e r e n t  f o r mu l a  to d e t e r m i n e  L. 
Hi *  f o r m u l a  wns s oon  d i s c a r d e d  b e c a u s e  o f  I t s  c o m p l i c a t e d  n a t n r e  and due 
t o  t h e  d i s a g r e e m e n t  b e t w e e n  o b s e r v e d  a nd  p r e d i c t e d  v a l u e s  away f rom the 
w a l l  ( L a u n d e r  a nd  S p a l d i n g ,  1 9 7 2 ) .
S t r a t i f i c a t i o n  a l s o  h a s  a p r o n o u n c e d  e f f e c t  on t h e  m i r i n g  l e n g t h .  
The p r e s e n c e  o f  s t a b l e  s t r a t i f i c a t i o n  t e n d s  t o  r e d u c e  the  s i z e  o f  the 
c h a r a c t e r i s t i c  m i x i n g  l e n g t h .  T h e r e f o r e ,  i n  o r d e r  t o  remove t h e s e  
d o f i c i e n c i e a , I n v e s t i g a t o r s  ha ve  s u g g e s t e d  v a r i o u s  m o d i f i c a t i o n s .  One 
s u c h  m o d i f i c a t i o n  i s  t o  i n c l u d e  a s t r a t i f i c a t i o n  p a r a m e t e r  ( e . g .  
R i c h a r d s o n  n umber )  t o  a c c o u n t  f o r  b u o y a n c y  e f f e c t s  i n  a nonhomogeneous 
f l o w  ( K e n t ,  e t  a l . ,  1 9 5 9 t P r i t c h a r d ,  i 9 6 0 J B r a d s h a w ,  1 972 ) ,  An o t h e r  
i m p r o v e m e n t  i s  t o  add  an e x t r a  t e r m t o  t he  eddy v i s c o s i t y  f o r mu l a  t o  
a c c o u n t  f o r  t u r b u l e n c e  w h e n e v e r  a z e r o  v e l o c i t y  g r a d i e n t  e x i s t s  (Bowden 
a n d  H a m i l t o n ,  1 9 7 6 ) .
Mo d e l s  u s i n g  t h e  m i x i n g  l e n g t h  h y p o t h e s i s  r e q u i r e  e m p i r i c a l  
i n p u t s  w h i c h  ha ve  t n  be d e t e r m i n e d  f o r  e a c h  t u r b u l e n t  f low c a t e .  Thi s  
i s  o n e  o f  t h e  m a j o r  d r a w b a c k s  o f  t h e  m i x i n g  l e n g t h  mode l ,  A second 
d i s a d v a n t a g e  i s  t h a t  m i x i n g  l e n g t h  t h e o r y  a s s ume s  a s t a t e  o f  l o c a l  
e q u l  1 i b r  1 urn. i . e  t h e  p r o d u c t i o n  o f  e n e r g y  i s  e q n a l  t o  i t s  d i s s i p a t i o n ,  
( R o d i ,  1 9 8 0 a ) ,  A c c o r d i n g  t o  M e l l o r  a nd  Ya me da ' t  c l a s s i f i c a t i o n ,  t h i s  
t y p e  o f  c l o s u r e  i s  e q u i v a l e n t  t o  t h e  l e v e l  two m o d e l .
The m i x i n g  l e n g t h  mode l  h a s  t h e  a d v a n t a g e  o f  be i ng  s i m p l e ,  y e t  i t  
r e q u i r e s  a p r i o r  t h e o r e t i c a l  k n o w l e d g e ,  wh i ch  i s  n o t  a lways  a v a i l a b l e ,
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t o  d e t e r m e n t  t h e  c h a r a c t e r i J t i c  m i x i n g  L e n g t h ,  L, D e s p i t e  t h i s  
s h o r t c o m i n g ,  i n v e s t  1 g a t o r i  p r e f e r  t o  use t h e  m i x i n g  l e n g t h  h y p o t h e t i c  
b e c a u s e  o f  i t t  s i m p l i c i t y .  On t h e  o t h e r  b i n d ,  B r a ds ha w ( 1 9 7 2 ) ,  h i t  
c l a i m e d  t h a t  t h e  tut i n  r e a s o n  For  t h e  s u c c e s s  o f  m i x i n g  l e n g t h  e nd  eddy 
v i s c o s i t y  t h e o r i e s  i t  a t t r i b u t e d  t o  t he  f e e t  t h a t  t h e y  were t e s t e d  
age I n s t  s i m p l e  f low c a s e s  in w h i c h  t h e  f low w e t  in s t a t e  o f  l o c a l  
e q u i l i b r i u m  ( p r o d u c t i o n  o f  e n e r g y  i t  equa l  t o  d i s s i p a t i o n !  A l t h o u g h  
e s t u a r i e s  a r e  n o t  i n  a s t a t e  o f  l o c a l  e q u i l i b r i u m ,  a  m o d i f i e d  v e r s i o n  o f  
t h e  m i x i n g  l e n g t h  f o r m u l a  h i s  b e e n  shown t o  o b t a i n  r r a i o n i b l e  r e s u l t s  
when a p p l i e d  t o  e s t u a r i e s  ( Ce r c o ,  1932 ) R o d i ,  1900*1 Dl umber* ,  1977;  
Bowden and  H a m i l t o n ,  1 9 7 6 ) ,
The m o d i f i e d  v e r s i o n  o f  m i x i n g  l e n g t h  f o r m u l a t i o n  e mp l o y s  s e v e r a l  
e m p i r i c a l  c o n s t a n t s  w h i c h  ha ve  t o  bo d e t e r m i n e d  f o r  i n d i v i d u a l  c a s e s .  
More c o mp l e x  and a d v a n c e d  mode l s  w e r e  d e v e l o p e d  i n  o r d e r  t o  o ve r c ome  
t h e s e  l i m i t a t i o n s .  I n  a d d i t i o n ,  v a r i o u s  w o r k e r s  ha ve  c o n c l u d e d  t h a t  
b e t t e r  r e s u l t s  msy o n l y  be o b t a i n e d  t h r o u g h  method* t h a t  empl oy  
t r a n s p o r t  e q u a t i o n s  ( R o d i ,  1980a  a nd  1980b)  B r a d s h a w ,  1972)  L a u n d e r  and 
S p a l d i n g ,  1 9 7 2 1 ,
B -l-3  Lave 1 - two modal
A c c o r d i n g  t o  Mel  l o r  a nd  Yamada ( 1974)  t he  l e v e l  two mode l  I s  
e q u i v a l e n t  t o  an e d d y  v i s c o s i t y  c o n c e p t .  T h i s  model  a t t u n e s  l o c a l  
e q u i l i b r i u m  t o  p r e v a i l  ( i . e .  p r o d u c t i o n  a nd  d i s s i p a t i o n  a f  e n e r g y  a r e  i n  
b a l a n c e ) . T h i s  mean* t h a t  t u r b u l e n c e  d i s s i p a t e s  a t  t h e  same r a t e  i t  i s  
b e i n g  g e n e r a t e d .  As w i l l  be s e e n  s h o r t l y ,  t h e  l e v e l  two model  i s  an 
eddy v i s c o s i t y  c o n c e p t  m o d i f i e d  b y  a s t a b i l i t y  f u n c t i o n .  I f  t h e  
b o u n d a r y  l a y e r  a p p r o i i m a t i o n  i s  I n t r o d u c e d  t o  t h e  l e v e l  two m o d e l ,  i . e .
t he  v e r t i c i l  component  o f  t he  momentum e q u a t i o n  becomes  h y d r o s t a t i c  and
a t J i 01]a l l  c omp o n e n t s  o f  t he  t e n s o r  may be n e g l e c t e d  e x c e p t  f o r  - - ,  t h e n
a c c o r d i n g  to  N e l t o r  and Yimadi  ( 1982)  t h e  l e v e l  two model  can  be w r i t t e n
l i  f o l l o w s :
o ’ a n  ~~~~
-  -  u w - - -  P g w t ( 2 - 1 8 )
dU— u w ■* K ~7- ~  ( 2 - 1 8 a )m da
-  w s -  K ( 1 - 1 8 b )h d i
S u b s t i t u t i n g  e q u a t i o n s  {2- l B a )  and (2- l B b )  i n t o  e q u a t i o n  ( 2 - 1 8 )  r e s u l t s  
1 n
- ? -  « K { ~  >* + K p g ( 2- l S c )
1 m d i  h 3 x
In w h i c h
K ™ L q S = moaentum eddy c o e f f i c i e n t  (2—ISd)m m
K. = L q S -  mas* eddy c o e f f i c i e n t  ( 2 - 1 8 e )h n
i i
q ■ u . * t w i c e  o f  t u r b u l e n t  k i n e t i c  e n e r g y  p e r  u n i t  mass
1 ■ B ,  L
L ” m a s t e r  l e n g t h  s c a l e
S and S a r e  t h e  s t a b i l i t y  f u n c t i o n s  and de pe nd  on f l u x  
bi h
R i c h a r d s o n  number  ( R ^ ) .  These  f u n c t i o n s  a r e  d e f i n e d  a s  f e l l o w s  :
A1 c , } +  3A, )1  Rf
Sm = A,  Dj YJ -  I  S j T Y , + r »T * 3 A J  R f  Sh
in  w h i c h
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a » b ; s 1
Al t  A4 , Ct “  e m p i r i c a l  c o n s t a n t s
S u b i t i t u t  Lag e q u a t i o n *  (2 — 18 d ) and ( 2 - 1 8 e >  i n t o  e q u a t i o n  ( 2 - 1  Sc) a s  w e l l  
a t  t he  d e f i n e d  q u a n t i t i e s  R. a nd  i t  c a n  be tbown t h a t
E q u a t i o n s  ( 2 - 1 9 )  and ( 2 —20)  a r e  s L m i l a r  t o  e q u a t i o n  ( 2 - 1 5 ) .  The 
o n l y  d i f f e r e n c e  i s  t h a t  t h i s  e q u a t i o n  i s  m o d i f i e d  by a f l u x  R i c h a r d s o n
19) and ( 2 - 20 )  a r e  r e d u c e d  t o  t h e  m i r i n g  l e n g t h  h y p o t h e s i s .  One c a n  now 
se e  t h a t  t he  l e v e l  two model  i s  e s s e n t i a l l y  an eddy v i s c o s i t y  c o n c e p t  
w i t h  t h e  s t r a t i f i c a t i o n  e f f e c t  i n c l u d e d  v i a  t h e  s t a b i l i t y  f u n c t i o n .  The 
s t a b i l i t y  f u n c t i o n  i s  an a l g e b r a i c  e x p r e s s i o n  and can be  f ound i n  " l e l l o r  
and Yamada ( 1 9 7 4 ,  1 9 8 2 ) .  C o n s t a n t s  n e e d e d  f o r  t h i s  f u n c t i o n  can be 
deduced  from t u r b u l e n t  m e a s u r e m e n t s  made i n  t h e  a b s e n c e  o f  b u o y a n t  
f o r c e s .  Once o b t a i n e d ,  no f u r t h e r  a d j u s t m e n t  i s  r e q u i r e d  ( M e l l o r  and 
Yamada,  1982 ) .  As f o r  t h e  l e n g t h  s c a l e  t he y  a r g u e d  t h a t  mos t  v a l i d  
p r e s c r i b e d  f o r m u l a e  w i l l  p e r f o r m  a d e q u a t e l y .
A l t e r n a t i v e l y ,  t h e s e  a u t h o r s  ha ve  shown t h a t  t h e  l e v e l  two model  
c a n  a l s o  be e x p r e s s e d  i n  t e r m s  o f  mean f low q u a n t i t i e s  r a t h e r  t h a n  
t u r b u l e n t  q u a n t i t i e s .  T h e r e f o r e ,  i n  a more  t r a d i t i o n a l  a p p r o a c h ,  i . e .
( 2 - 1 9 )
(2 -2 0 )
number .  For  n e u t r a l  c o n d i t i o n s ,  R,  i s  e q u a l  t o  t e r n  and e q u a t i o n s  (2
1ft
mi s i n g  Length f o r m a t ,  t he  l e v e l  two mo d e l  can be e x p r e s s e d  a s  ( " c l l a r
and Yamada,  1974)  :
~ , i U 1- u  w -  L S ( S f  ) ( 2 - 2 1 )m t) i
~ ~ . * -  , 3** . , »S .
w • ‘ L V  r* > ( n  > (I' 32)
i n  w h i c h
s * b: ‘ ( S I ' '  (1 - RJ*'m * m f
K  = b : 1 s a  s ) * * ( i  -  r  >b 1 h ra f
where
y r  C t -  ( 6 A 1+ 3At ) / B ,
sn -  3* .  -----------^ = - ; ; - " T i A ; - 7 5 ; r  ( T *-  ^  >
sh -  JA, ( r r  r ,  )
Mel l o r  and Yamada ( 1 9 7 4 )  have  i n t r o d u c e d  ■ t u r b u l e n c e  c l o s u r e  
j cbomo l a b e l l o d  a t  l e v e l  one  model ,  T h i t  model  i s  n o t  t u b i t a n t 1a l  ly 
d i f f e r e n t  f rom t h e i r  l e v e l  two model .  The ma i n  d i f f e r e n c e  b e t w e e n  t h e  
two model s  a r e  t he  s t a b i l i t y  f u n c t i o n  and the c r i t i c a l  R i c h a r d s o n  f l u x  
number  a t  whi ch  mi x i ng  c e a s e s .
B-2 O n « -« q u tio a  model
In an eddy v i s c o s i t y - d i f f n » l v i t y  model ,  t r a n s p o r t  and h i s t o r y  
e f f e c t s  o f  t u r b u l e n c e  can  be  a c c o u n t e d  f o r  by s o l v i n g  a t r a n s p o r t  
e q u a t i o n  for  a s u i t a b l e  p a r a m e t e r  w h i c h  c h a r a c t e r i s e *  t h e  t u r b u l e n c e .
The t u r b u l e n t  k i n e t i c  e n e r g y  pe r  u n i t  ma t s ,  k ,  i s  such  a p a r a m e t e r  in 
t h a t  i t  c h a r a c t e r i z e s  t h e  i n t e n s i t y  o f  t he  f l u c t u a t i n g  m o t i o n .
T u r b u l e n t  k i n e t i c  e n e r g y  i s  c o n t a i n e d  m a i n l y  i n  l a r g e - s c a l e  
f l u c t u a t i o n s .  The s qu a r e  r o o t  o f  k i s  t h e  v e l o c i t y  s c a l e  f o r  t h i s  
m o t i o n .  Am e x a c t  e q u a t i o n  d e s c r i b i n g  t he  dynami cs  o f  t u r b u l e n c e  k i n e t i c  
e n e r g y ,  k,  c a n  be d e r i v e d  f rom t he  N a v i e r - S t o k e s  e q u a t i o n s  by s i m p l e
m i n i  pu l  a t i o n s  ( H i p * * ,  1 9 5 9 ) ,  The k e q u a t i o n  c o n t a i n !  a h i g h e r  o r d e r  
c o r r e l a t i o n ,  a *  w i l l  be a e e n  i n  a l a t e r  c h a p t e r .  At  a r e s u l t ,  
a s s u m p t i o n s  h a v e  t o  be  i n t r o d u c e d  t o  model  t h o s e  t e r m * .
O n e - e q u a t i o n  m o d e l *  a c c o u n t  f o r  t r a n s p o r t  and  h i s t o r y  e f f e c t s  on 
t h e  t u r b u l e n t  k i n e t i c  e n e r g y  b u t  n o t  f o r  t h e  m i x i n g  l e n g t h .  T h e r e f o r e ,  
t h e s e  m o d e l s  h a v e  o f f e r e d  no a d d i t i o n a l  i mpr ove me n t  w i t h  r e g a r d  t o  t he  
c h a r a c t e r i s t i c  l e n g t h  s c a l e .  On t h e  o t h e r  h a n d ,  t h e s e  m o d e l s  a l l o w  
e n e r g y  g e n e r a t e d  a t  a  p o i n t  t o  be  t r a n s p o r t e d  e l s e w h e r e .  T h u s ,  t h e s e  
m o d e l s  a p p e a r  t o  be  s u p e r i o r  t o  m o d e l s  u s i n g  t h e  m i x i n g - I e n g t h  
h y p o t h e s i s  ( L a u n d e r  a nd  S p a l d i n g ,  1 9 7 2 ) .
TThile P r a n d t l * *  c o n c e p t  i s  a p h y s i c a l l y  a t t r a c t i v e  s i m p l e  i d e a ,  
i t  i s  o n l y  c a p a b l e  o f  d e s c r i b i n g  v e r y  s i m p l e  f l o w s  t o  a u s e f u l  l e v e l  o f  
a p p r o x i m a t i o n .  Due t o  t h e  s h o r t c o m i n g *  o f  t h e  m i x i n g  l e n g t h  h y p o t h e s i s ,  
a new a nd  more  s u i t a b l e  v e l o c i t y  s c a l e  was f a v o u r e d  o v e r  t h e  mean 
v e l o c i t y  g r a d i e n t  e m p l o y e d  i n  x e r o - e q u a t i o n  m o d e l s .  The new
i
i
c h a r a c t e r i s t i c  v e l o c i t y  s c a l e ,  k ,  i s  d e f i n e d  by R o d i  ( 1 9 8 0 a )  as
t  = j  ( u ;  + u ;  + u j  ) (2-23>
S u b s t i t u t i n g  t h l t  v e l o c i t y  s c a l e  i n  e q u a t i o n  ( 2 - 1 3 )  l e a d s  t o  
1
V -  c '  k* L (2-24)
t  u
I n  w h i c h  
#
C ■ an e m p i r i c a l  c o n s t a n t
T h i s  e x p r e s s i o n  I s  g e n e r a l l y  known a s  t h e  C o l m o g o r o v - P r a n d t  l 
e x p r e s s i o n .  P r a n d t l ,  ( 1 9 2 5 )  s u g g e s t e d  s o l v i n g  a t r a n s p o r t  e q u a t i o n  t o  
d e t e r m i n e  t h e  d i s t r i b u t i o n  o f  k .  I n  o r d e r  t o  c a l c u l a t e  t h e  t u r b u l e n t  
e d d y  v i s c o s i t y ,  an e x p r e s s i o n  f o r  L i s  a l s o  r e q u i r e d .  The  l e n g t h  s c a l e ,
z n
L, i s  a l wa y s  m a t h e m a t i c a l l y  p r o s c r i b e d ,  in a s i m i l a r  manner  t o  the  
r e r o - e q u t t i o n  m o d e l s .  T h u a ,  one can  now c a l c u l a t e  e ddy  v i s c o s i t y  u s i n g  
e q u a t  i on  2 - 2 4 ,
The t r a n s p o r t  e x p r e s s i o n  f o r  t  c a n  be d c r i v i  e x a c t l y  f rom t he
Nav i c i - S t o k e  c e q u a t i o n  ( H i n x e ,  1 9 5 9 ) ,  Tbe k e q u a t i o n  a c c o u n t s  f o r
c o n v e c t i v e  t r a n s p o r t  as  w e l l  as  h i s t o r y  e f f e c t s  on t b e  c h a r a c t e r i s i n g  
a
t
v e l o c i t y  s c a l e ,  k . F o r  h i g h  R e y n o l d s  number ,  t h i s  e q u a t i o n  r e a d s  
( R o d i , 1 9 8 0 a )
#  t
u . u .  , - - r -T dtl ,
| i  ,  „ »  .  » ( + p , ',  .  u ; ■ r i  .  „  ■
3 t  i d x .  3 i i 1 2  p i  j  d i j  i  1
3 Q 3 u  1.y, i i-| .k , (2.23,
a . j  a . j S , ,
S i n c e  new unknown c o r r e l a t i o n s  a p p e a r  i n  t h e  above  e q u a t i o n ,  
model  a s s u m p t i o n s  mus t  be  i n t r o d u c e d  so t h e  e q u a t i o n  can be s a l v e d .
These  model  a s s u m p t i o n s  a r e  l i s t e d  i n  d e t a i l  i n  Rodi  ( 1 9 8 0 a ) ,
I n t r o d u c i n g  t h e s e  a s s u m p t i o n s  t o  t e r m s  In  t he  R.1I .S o f  t he  a bove  
e q u a t i o n  y i e l d s  t h e  f o l l o w i n g
3k „ as  a . K  ak  a n ,  a n ,
3 1 i a s .  " 5 s .  o. 3 s .  t 3*j 5 s  3sI 1 t  i  l j
1
- “a I rt I!- -  CD - l*  (2-” 1
i n  w h i c h
■ a r e  e m p i r i c a l  c o n s t a n t s  
I f  G q u a t i o n  2 - 2 6  i s  a p p l i e d  t o  a n  o p e n ~ c h a n n e l  f low i n  wh i c h  the 
mean v e l o c i t y  U i s  p a r a l l e l  t o  t h e  a a x i l  and by n e g l e c t i n g  c o n v e c t i v e ,  
d i f f u s i v e  t r a n s p o r t  as  w e l l  a s  t h e  l o c a l  r a t e  o f  c h a n g e ,  t h e n
2 1
p r o d u c t i o n  and d i s s i p a t i o n  t e r m s  a r e  i n  b a l a n c e .  Thus ,  e q u a t i o n  f2 —26)  
i t  a i m p l L f l e d  to
j
K « ! r  ! - c„ - f
When e q u a t i o n  2 ~ 2 4  i s  used  i n  e q u a t i o n  2 - 27  t o  e l i m i n a t e  k ,  a m i x i n g  
l e n g t h  f o r m u l a  w i l l  r e s u l t ,
i i
H‘ { c '  * L‘ llpl (2' 2S>
T h i s  d e m o n s t r a t e s  t h a t  t he  m i x i n g  l e n g t h  h y p o t h e s i s  i s  i n d e e d  a 
s p e c i a l  c a s e  o f  o n e - e q u a t i o n  m o d e l s .  I n  g e n e r a l ,  t he  o n e - e q u a t i o n  model  
i t  more a p p l i c a b l e  t o  a w i d e r  r ange  o f  f l ow c a t e s  t h a n  t h e  m i x i n g  Leng t h  
h y p o t h e s i s  b e c a u s e  t h e s e  m o d e l s  a c c o u n t  f o r  t r a n s p o r t  and h i s t o r y  
e f f e c t s  ( Ro d i ,  1980a  and 1 9 8 0 b i  R e y n o l d s ,  1976 } Br ads haw,  1 9 7 2 ) .
O n e - e q u a t i o n  mode l s  h a v e  o f f e r e d  no i mprovement  w i t h  r e g a r d  t o  
t he  c h a r a c t e r i s t i c  l e n g t h  s c a l e .  T h i s  d i f f i c u l t y  r e s i d e s  i n  t h e  
n e c e s s i t y  t o  p r o s c r i b e  t he  d i s t r i b u t i o n  o f  L, T h i s  i s  n o t  an  e a s y  t a s k  
tn a c c o m p l i s h ,  e s p e c i a l l y  i n  a complex f l ow .  D i f f e r e n t  m i x i n g  l e n g t h  
s c a l e  f o r m u l a e ,  h o w e v e r ,  h a v e  b e e n  p r o p o s e d  t o  g e n e r a l l y  c a l c u l a t e  L,  
t he  l e n g t h  s c a l e .  These  e x p r e s s i o n s  a r e  r a t h e r  complex a nd  t o  d a t e  have  
be e n  t e s t e d  v e r y  l i t t l e  { R o d i ,  1 9 8 0 a j  R e y n o l d s ,  1 9 7 6 ) .  I n  a d d i t i o n ,  
s u b s t a n t i a l  c o m p u t e r  t ime  i s  r e q u i r e d  t o  s o l v e  t h e  newly p r o p o s e d  
f o r mu l a  when c ompar ed  to  more  a d v a n c e d  mode l s  ( R o d i ,  1 9 9 0 a ) .  T h e r e f o r e ,  
t he  t r e n d  h a s  b e e n  s h i f t e d  t o w a r d s  t w o - e q u a t i o n  mode l s  i n  wh i c h  a 
t r a n s p o r t  e q u a t i o n  i s  s o l v e d  f o r  b o t h  t he  c h a r a c t e r i s t i c  l e n g t h  s c a l e  L,
i
a
and t h e  v e l o c i t y  s c a l e  k ,
22
B-3 T io - t q u t id a  » d t l
Be c a us e  mix i ng  l e n g t h  s c a l e  i t  I n f l u e n c e d  by t r a n s p o r t  end
h i s t o r y  e f f e c t s  i n  t he  t ime D i n n e r  n  t u r b u l e n t  v e l o c i t y ,  a d d i t i o n a l
e q u i t i o n t  f o r  t h e  c h i r a c t e r i e t i c  l e n g t h  s c a l e  can be  d e v e l o p e d .  Tvo-
e q u i t i o n  m o d e l s  i c c c u n t  f o r  b o t h  t he  t r a n s p o r t  o f  t u r b u l e n t  v e l o c i t y  and
t h e  l e n g t h  s c a l e  by s o l v i n g  two t r a n s p o r t  e q u a t i o n a .  Tn c o n t r a s t  t o
z e r o  and  o n e - e q u a t i o n  mo d e l s ,  t he  employment  of  a t r a n s p o r t  e q u a t i o n  f o r
t h e  m i x i n g  l e n g t h  in a t w o ' e q u a t i o n  model  a l l o w s  a n  a c c u r a t e
d e t e r m i n a t i o n  o f  t he  l e n g t h  s c a l e  d i s t r i b u t i o n  e ve n  i n  a c ompl e x  f low.
S e v e r a l  w o r k e r s  have  e x p l o r e d  t h e  u s e  of  a s e c o n d  t u r b u l e n c e
t r a n s p o r t  e q u a t i o n  wh i c h ,  when s o l v e d ,  d e t e r m i n e s  t h e  d i s t r i b u t i o n  o f  L.
F o r  t h e  s e c o n d  t r a n s p o r t  e q u a t i o n ,  L d o e s  n o t  have  t o  be t h e  d e p e n d e n t
v a r i a b l e .  Any r e p r e s e n t a t i o n  o f  L, f o r  exampl e  kL o r  k / L ,  wou l d  y i e l d
t h e  d e s i r e d  e q u a t i o n .
V a r i o u s  t w o ' e q u a t i o n  m o d e l s  e x i s t  e . g .  k - k l ,  k-W, a nd  f c - s . ( f o r  a
c o m p l e t e  l i s t  s ee  Launde r  and S p a l d i n g ,  1974)  in wh i c h :
1 -  a l e n g t h  s c a l e  r e p r e s e n t i n g  t he  m a c r o - ' t c e l e  o f  t u r b u l e n c e
-  s
V = a q u a n t i t y  ha v i ng  t he  d i m e n s i o n s  n f  ( t i me  K  whi ch  r e p r e s e n t s  the  
t  ime* a v e r a g e  s q u a r e  o f  v o r t i c i t y  f l u c t u a t i o n s ,  and 
t  “  r a t e  o f  d i s s i p a t i o n  o f  t u r b u l e n t  e n e r g y .
The v a r i o u s  l e n g t h - i c e l e  e q u a t i o n *  p r o p o s e d  i n  t ho  l i t e r a t u r e  
p e r f o r m  s i m i l a r l y  to e a c h  o t h e r .  The * e q u a t i o n ,  d e v e l o p e d  by Rodi  
( 1 9 8 0 a ) ,  h a s  become p o p u l a r  among model d e v e l o p e r s  f o r  s e v e r a l  r e a s o n * .  
W o r k e r s  have  c o n c l u d e d  t h a t  t h e  t  e q u a t i o n  i s  r e l a t i v e l y  s i m p l e ,  
c o n t a i n s  f e w e r  t e rms  t h a n  o t h e r  l e n g t h  s c a l e  e q u a t i o n s ,  a nd  e a p p e a r s  
n a t u r a l l y  a s  a n  unknown i n  t h e  t u r b u l e n t  k i n e t i c  e n e r g y  e q u a t i o n  (Rodi ,  
1980*  and b ;  Launde r  and S p a l d i n g ,  1974 a nd  1972) .  The e e q u a t i o n  can
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a l t o  b* d e r i v e d  e x a c t l y  from t h e  Nav ie r—S t oke  s e q u a t i o n s  ( R e y n o l d *  end 
Cebe c i , 1 9 7 8 ) .
T h e r e  e x i s t  a few t r a n s p o r t  e q u a t i o n s  t h a t  d e t e r m i n e  t h e  l e n g t h  
s c a l e  by t h e m s e l v e s  o r  when combi ned  w i t h  t he  k e q u a t i o n  i . e .  t l ,  V, end 
e ( f o r  a c o m p l e t e  l i s t  t e e  L a u n d e r  and S p a l d i n g ,  1 9 7 2 ) .  The e e q u a t i o n  
i s  s e l e c t e d  f o r  t h i s  s t u d y  and  r e a d s  ( R o d i ,  1980a )
V  *
?T + Ui 5“  “  I ' -  I ”  > + Ci Z <P+C) ( 1 +C ,  R_) -  C. I  ( 2 - 2 9 )01 i d x a da .  a  d i .  *a k >e f  1
1 r e  i
t n  whi ch
C, , C. , C. , o  =* a r e  e m p i r i c a l  c o n s t a n t **e *e *e e r
asG -  -  f) g . —  ■=—  , b u o y a n c y  p r o d u c t i o n  o f  k ( 2 - 2 9 a >
1 Bt  ° ' i
atf a u
P -  y  ( - —  + ^  ) - - -  , e n e r g y  p r o d u c t i o n  by s h e a r  s t r e s s  ( 2 - 2 9b)t OI j  OI j
■ f l u x  R i c h a r d s o n  number  ( -  - p -  ) ( 2 - 2 9 c )
a n d  t he  e d d y  v i s c o s i t y  can be c a l c u l a t e d  f rom
i
V  * c  * - - -  ( 2- 30)
t  u t
The k-E c l o s u r e  model  i s  e q u i v a l e n t  t o  ' l e l l o r  a nd  Y a m a d a ' s  ( 1982)  
l e v e l  two and  a h a l f  mo d e l .  I n  t h i s  m o d e l ,  c l o s u r e  i s  o b t a i n e d  by
i
s o l v i n g  an e q u a t i o n  f o r  t u r b u l e n t  k i n e t i c  e n e r g y ,  L o r  , a nd  an
e q u a t i o n  f o r  qL i n  w h i c h  L i s  t h e  m a s t e r  l e n g t h  s c a l e .  A l l  l e n g t h  
s c a l e s  n e e d e d  f o r  l e v e l  two and  a h a l f  model  a r e  a s s u m e d  t o  bo l i n e a r l y  
r e l a t e d  t o  t h e  m a s t e r  l e n g t h  s c a l e .  I..
L e v e l  two a nd  h a l f  c a n  a l s o  be c o n s i d e r e d  a o n e - e q u a t i o n  model  i f  
a n  e m p i r i c a l  f o r m u l a  i s  e mp l oye d  a s  t h e  c h a r a c t e r i s t i c  m i x i n g  l e n g t h  
s c a l e .  E q u a t i o n s  t h a t  c o m p r i s e  t h e  l e v e l  two a n d  a h a l f  model  we r e  
f i r s t  p r e s e n t e d  and d i s c u s s e d  i n  M e l l o r  a nd  Yamada ( 1 9 8 2 ) ,
2 4
B-4 S t r e i i - s q u t i o n  model
On e -  *nd  t w o - e q u a t i o n  m o d e l s  a s s u m e  t h a t  t h e  l o c a l  s t a t e  o f  
t u r b u l e n c e  c a n  be c h a r a c t e r i z e d  by a s i n g l e  v e l o c i t y  s c a l e .
C o n s e q u e n t l y ,  t h e  I n d i v i d u a l  R e y n o l d *  s t r e s s e s  c a n  be r e l a t e d  t o  t h i s  
s c a l e .  T h i s  r e l a t i o n  o f t e n  i n d i c a t e s  t h a t  t h e  t r a n s p o r t  o f  t h e  
i n d i v i d u a l  s t r e s s e s  i s  n o t  a d e q u a t e l y  a c c o u n t e d  f o r ,  e v e n  i f  t h e  
t r a n s p o r t  o f  t h e  c b i r a c t e r i z i n *  v e l o c i t y  h a s  b e e n  t a k e n  i n t o  a c c o u n t  
( R o d i ,  1 9 8 0 a  a nd  1 9 8 0 b ) . I n  o r d e r  t o  a c c o u n t  f o r  t h e  m a g n i t u d e  o f  
i n d i v i d u a l  R e y n o l d s  s t r e s s e s  ( r e p r e s e n t i n g  v a r i o u s  v e l o c i t y  s c a l e s  i n  
c o m p l e x  f l o w s ) ,  and t o  p r o p e r l y  a c c o u n t  f o r  t h e i r  t r a n s p o r t ,  more
e l a b o r a t e  m o d e l s  ha ve  b e e n  d e v e l o p e d .  Most  o f  t h e s e  a d v a n c e d  m o d e l s
T "
e mp l o y  t r a n s p o r t  e q u a t i o n s  f o r  t h e  i n d i v i d u a l  s t r e s s e s  u i q j  ' A n a l o g o u s
t r a n s p o r t  e q u a t i o n s  h a v e  b e e n  i n t r o d u c e d  f o r  t h e  t u r b u l e n t  ma s s  f l u x e s
> / 
u , s  .i
Mo d e l s  b a s e d  on  t h e s e  e q u a t i o n s  a r e  o f t e n  r e f e r r e d  t o  a s  s t r e s s -  
f l u i - e q u a t i o n  m o d e l s  o r  s e c o n d - o r d e r  c l o s u r e  s c h e m e s ,  S t r e s s - f l u x -  
e q u a t i o n  m o d e l s  a r e  u s e d  p r i m a r i l y  i f  t h e  n e e d  e x i s t s  t o  d e t e r m i n e  t h e
i n d i v i d u a l  s t r e s s e s  u ^ U j .  A s e c o n d  u s e  o f  t h e s e  m o d e l s  i s  t o  a s s e s s  
l o w e r - l e v e l  o r  newl y  p r o p o s e d  m o d e l s .  S t r e s s - f l u x - e q u * t i o n  m o d e l s  a r e  
■ t i l l  u n d e r  i n t e n s i v e  d e v e l o p m e n t  a n d  a r e  n o t  y e t  i n  us e  f o r  p r a c t i c a l  
o r  e n g i n e e r i n g  a p p l i c a t i o n s .
B a s e d  o n  R o t t a ' s  e n e r g y  r e d i s t r i b u t i o n  h y p o t h e s i s  a s  w e l l  a s  
l o c a l  i s o t r o p y .  Me 11o r  a nd  Yamada ( 1 9 7 4 )  h a v e  i n t r o d u c e d  t h e  l e v e l  f o u r  
m o d e l .  T h i s  mode l  c o n s i s t  o f  s o l v i n g  11 s i m u l t a n e o u s  p a r t i a l  
d i f f e r e n t i a l  e q u a t i o n s .  I n  a d d i t i o n ,  t h e y  a l s o  a s s u m e d  t h a t  a l l  l e n g t h
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i d l e *  e r e  l i n e a r l y  r e l a t e d .  Al l  c o m t t n t t  e mp l oye d  f o r  t h e  l e n g t h  
s c a l e *  were o b t a i n e d  f rom n e u t r a l  t u r b u l e n c e  d a t a .
The t t r o t t - e q u a l  i o n  mode I ■ do n o t  u s e  Q o u s s i n e s q ' t  a n a l o g y .  
I n s t e a d ,  t h e y  model  t he  s t r e s s  t e r ms  d i r e c t l y .  E x a c t  e q u a t i o n *  f o r  
Reynolds  s t r e s s  can be d e r i v e d  f rom t h e  N a v i e i —S t o k e s  e q u a t i o n s  
(Tenncke* and Lumley,  1 9 7 2 1 .  The s t r e s s - e q u a t l o n  m o d e l s  a r e  r e q u i r e d  In 
flow s i t u a t i o n s  where  t h e  knowl edge  o f  t r a n s p o r t  and  f l u x e s  a r e  
e s s e n t i a l  and can  not  be a p p r o x i m a t e d  w e l l  by  r e l a t i n g  them t o  t he  
t r a n s p o r t  o f  k .  I n  f r e e  f l ow*,  t h e  s t r o s x - e q u a t i o n  model  p r o p o s e d  by 
La unde r ,  Reece  and Rodi  ( 1 9 7 5 ) .  d o e s  n o t  a p p e a r  t o  p e r f o r m  s i g n i f i c a n t l y  
b e t t e r  t h a n  t h e  s t a n d a r d  k - s  model  ( R o d i ,  1 9 8 0 a ) .  The s t r e s s - e q u a t l o n  
model s  can be u s e d  a s  an  a p p r o a c h  t o  I mpr ove  t h e  s i m p l e r  o n e -  and two-  
e q u a t i o n  m o d e l s .  T h i s  more  compl ex  s t r e s * - e q u a t i o n  model  c a n  be u s e d  a s  
a gu i de  to t b e  n a t u r e  o f  new t erm* w h i c h  s h o u l d  be i n c l u d e d .
C, E x is t l ug  e s tu a ry  m odels
Numerous e s t u a r i n e  m o d e l s  e x i s t .  Among t h o s e  o f  i n t e r e s t  a r e  
t i m e - d e p e n d e n t  m u l t i - d i m e n s i o n a l  m o d e l s  w h i c h  c a l c u l a t e  v e r t i c a l  eddy 
v i s c o s i t y  a nd  d i f f u s i v i t y .  These  m o d e l s  c a n  be c l a s s i f i e d  a c c o r d i n g  t o  
t h e i r  c l o s u r e  scheme.
C- l  Z e r o - e q u a t i o n  model
In  t h i s  c l a s t  o f  m o d e l s ,  a c o n s t a n t  eddy v i s c o s i t y  o r  a m i x i n g  
l e n g t h  f o r m u l a t i o n  i s  e mp l oye d  f o r  t h e  c l o s u r e  o f  t h e  g o v e r n i n g  
e q u a t i o n * .  T h i s  e m p i r i c a l  c o n s t a n t  was f ound  e i t h o r  by t r i a l  a nd  e r r o r  
o r  from o b s e r v a t i o n a l  d a t a .  A c o n s t a n t  e ddy  v i s c o s i t y ,  e mp l o y e d  i n  most  
h y d r a u l i c  a p p l i c a t i o n s ,  r e s u l t e d  i n  v e r y  p o o r  a g r e e m e n t  w i t h  
o b s e r v a t i o n s  (Bowden and H a m i l t o n ,  1973 j Wang and  K r a v i t x ,  1 9 8 0 ) .
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Kent  e t  * 1. ( 1959 )  i n d  P r i t c h a r d  ( I 9 6 0 ) ,  showed t h a t  t he  e f f e c t s  
o f  v e r t i c a l  s t a b i l i t y  on m i x i n g  c o e f f i c i e n t s  can  be mat ched  by  i n c l u d i n g  
an e x t r a  f a c t o r  i n  t h e  eddy v i s c o s i t y  f o r m u l a e .  T h i s  new f a c t o r  
a c c o u n t s  f o r  s t r a t i f i c a t i o n  e f f e c t  v i a  l o c a l  R i c h a r d s o n  number ,  R^, and 
the  eddy c o e f f i c i e n t  can  be c a l c u l a t e d  a s  f o l l o w s
V
V t°, *  „ ( 2 - 3 1 )
( 1 + u R t ) q
i n  wh i c h
( |e ->
R, l o c a l  R i c h a r d s o n  number  -  -  ^ — - 7,—7-  ( 2 - 3 2 )i p -3U 1
^3z '
a ,  q = a r e  e m p i r i c a l  c o n s t a n t s ,  and
-  eddy c o e f f i c i e n t  u n d e r  n e u t r a l  s t a b i l i t y ,
P r i t c h a r d ' s  e m p i r i c a l  f o r m u l a  i s  d i v i d e d  i n t o  two p a r t s .  The 
f i r s t  p a r t  a c c o u n t s  f o r  a m e a n - f l o w - I n d u c e d  t u r b u l e n c e  and t h e  second 
p a r t  a c c o u n t s  f o r  t h e  w i n d - i n d u c e d  t u r b u l e n c e  e t  t h e  s u r f a c e .  Th i s  
f o r mu l a  was d e v e l o p e d  t o  f i t  t h e  o b s e r v a t i o n a l  r e s u l t s  f o r  mass  exchange  
c o e f f i c i e n t  i n  t h e  James  R i v e r  E s t u a r y  a nd  was u t i l i z e d  l a t e r  by o t h e r  
w o r k e r s  f o r  t h e i r  miming l e n g t h  m o d e l s  ( e . g ,  Kuo e t  i l , ,  197B) ,
Dowden and H a m i l t o n  11976)  ha ve  r e v i e w e d  t h r e e  d i f f e r e n t  methods
t h a t  d e s c r i b e  t h e  eddy v i s c o s i t y :  1-  Eddy v i s c o s i t y  t a k e n  a s  a 
c o n s t a n t  2 -  Eddy v i s c o s i t y  was t a k e n  a s  a f u n c t i o n  o f  w a t e r  d e p t h  and 
mean c u r r e n t ,  i . e .  a f u n c t i o n  o f  t ime and 3 -  Eddy v i s c o s i t y  was t ake n  as
a f u n c t i o n  o f  R i c h a r d s o n  number .
They a dde d  an e x t r a  t e r m i n t o  t h e i r  eddy  v i s c o s i t y  f o r m u l a t i o n .  
Th i s  e x t r a  t e r m a s s u r e s  a v a l u e  f o r  t he  eddy  v i s c o s i t y  when a v e l o c i t y  
r e v e r s a l  o c c u r s  ( a t  t i m e s  n e a r  s l a c k  w a t e r ) .  They r e a s o n  t h a t  when t h e  
v e l o c i t y  g o e s  t o  z e r o ,  a r e s i d u a l  t u r b u l e n c e  s h o u l d  be p r e s e n t .
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Bowden und H a m i l t o n  ( 1976 ) c o n c l u d e  t h a t  b e s t  a g r e e me n t  l a  
o b t a i n e d  by t a k i n g  e ddy  v i s c o s i t y  u  t  f u n c t i o n  o f  t h e  i n s t a n t a n e o u s  
R i c h a r d s o n  n u m b e r  ( f u n c t i o n  o f  t i m e ) .  They a l t o  r e p o r t e d  t h a t  t h e  
a c t u a l  f u n c t i o n  t h e y  u s e d  v a t  n o t  v a l i d  o v e r  the e n t i r e  range o f  
c o n d i t i o n ! .  I n  a d d i t i o n ,  t hey s t a t e d  t h a t  i f  a b e t t e r  a g r e e me n t  be tween 
p r e d i c t i o n  a n d  o b s e r v a t i o n  i s  t o  be a c h i e v e d ,  knowl edge  of  t he  
f u n c t i o n a l  f o r m and m a g n i t u d e  o f  t h e s e  p a r a m e t e r *  t h a t  c o r r e s p o n d  to 
r e a l  c o n d i t i o n s  i s  n e c e s s a r y .
E l 1 i o t t ( 1976 )  a r r i v e d  a t  a c o n c l u s i o n  t h a t  r e a l i s t i c  
s t r a t i f i c a t i o n  c a n  n o t  be  o b t a i n e d  w i t h  a c o n s t a n t  e d d y  v i s c o s i t y .  
T h e r e f o r e ,  E l l i o t t  u s e d  a v a r y i n g  eddy v i s c o s i t y  i n c o r p o r a t i n g  a bu l k  
R i c h a r d s o n  number  a nd  t i m e ~ d e p t h  de p e n d e n c y ,  A l t h o u g h  h i s  f o r m u l a t i o n  
p r o d u c e d  a m o r e  r e a l i s t i c  s a l i n i t y  d i s t r i b u t i o n  t h a n  t h a t  o b t a i n e d  by 
Bowden a nd  H a m i l t o n ,  he c o n c l u d e d  t h a t  t h i s  method s t i l l  r e q u i r e d  
f u r t h e r  c a r e f u l  e x a m i n a t i o n .  Wi t h  r e g a r d  t o  h o r i z o n t a l  d i f f u s i v i t y ,  
E l l i o t t  ( 1 9 7 6 )  s u g g e s t s  t h a t  i t  b e a r s  l i t t l e  or no e f f e c t  on t h e  
s o l u t i o n ,  i m p l y i n g  t h a t  t he  v e r t i c a l  eddy v i s c o s i t y  i s  p r e d o m i n a n t  in 
e  s t u a r  ie s .
B1 u m b e r g  ( 1977)  u s e d  a s t a b i l i t y  de pe nde n t  e d d y  v i s c o s i t y  in an 
a p p l i c a t i o n  t o  t h e  Po t omac  R i v e r  e s t u a r y .  Hi s  s t u d y  d e m o n s t r a t e d  t h a t  
s a l t  i n t r u s i o n  i s  v e r y  s e n s i t i v e  t o  t he  e d d y  v i s c o s i t y .
I n  t h e i r  s t u d y  o f  t he  t u r b i d i t y  maximum in t h e  Rappahannock 
E s t u a r y ,  Kuo e t  a l .  ( 1 9 7 8 )  c o n c l u d e d  t h a t  s uspended  s e d i m e n t ,  o r  mass 
d i s t r i b u t i o n ,  i s  h i g h l y  s e n s i t i v e  to t h e  v e r t i c a l  e d d y  v i s c o s i t y .  They 
e mp l oye d  t h e  same s t a b i l i t y  d e p e n d e n t  f o r m u l a  p r o p o s e d  by P r i t c h a r d  
( 1 9 6 0 )  a nd  c o n c l u d e d  t h a t  t h e  model  can be used o n l y  f o r  q u a l i t a t i v e  
i n t e r p r c t a t  i o n .
i n
A p p l y i n g  h i t  model  t o  t h o  Ja me s  R i v e r  e s t u a r y ,  C e r c o  ( 1 9 8 2 ) ,  
a d d r e s s e d  t h e  p r o b l e m  o f  a c c u r a t e l y  c omput i ng  t h e  e d d y  v i s c o s i t y  t e r m s ,  
lie r e p o r t e d  t h a t  t h e  f u n c t i o n a l  f o r a  s h o u l d  c o n s i d e r  f o u r  r e l a t e d
a s p e c t s :  1-  The e x p r e s s i o n  s h o u l d  a c c o u n t  f o r  t h e  m a g n i t u d e  o f  t u r b u l e n t
d i f f u s i o n  i n  a homogeneous  f l ow 2-  The e x p r e s s i o n  s h o u l d  I n c o r p o r a t e  a 
s t r a t i f i c a t i o n  p a r a m e t e r  3~ The e x p r e s s i o n  s h o u l d  a p p r o p r i a t e l y  r e l a t e  
d i f f u s i v i t y  and d i f f u s i o n  o f  momentum a nd  4~ The  f u n c t i o n a l  form s h o u l d  
be t ime  d e p e n d e n t  i f  a p r o p e r  s i m u l a t i o n  f o r  t h e  mean p a r a m e t e r s  i s  t o  
b e  a c h i e v e d ,  Mis  a p p r o a c h  was t o  employ a form,  s u g g e s t e d  by O f f i c e r  
( c i t e d  f rom C e r c o ,  1 9 B 2 ) ,  i n  w h i c h  s t r a t i f i c a t i o n  e f f e c t s  o n  t he  
v e r t i c a l  e d d y  v i s c o s i t y  can be a c c o u n t e d  f o r  by t h e  R i c h a r d s o n  n u m b e r .
I n  o r d e r  t o  c o n s i d e r  t h e  d i f f u s i o n  i n  a homogeneous  f l o w ,  he  u s e d  t h e  
f o l l o w i n g  l i n e a r  e x p r e s s i o n
K,
E  --------------------------  ( 2 - 3 3 )
1 ( b + a R ) °
Ks “ a U ( 2 - 3 4 )
i n  wh i c h
K# r  e ddy  d i f f u s i o n  i n  a w e l l  mixed  w a t e r  c o l u m n ,  and 
a ,  b,  n ,  a ■ e m p i r i c a l  c o n s t a n t s .
E v a l u a t i o n  o f  t h e  a b o v e  c o n s t a n t s  was made t h r o u g h  a s e r i e s  o f  
model  r u n s  w h i c h  r e s u l t e d  i n  a t i d a l - a v e r a g e  e ddy  d i f f u s i v i t y  w h i c h  
f a l l s  In  t h e  r a n g e  r e p o r t e d  b y  Har l eman  a nd  I p p c n  ( 1 9 6 7 ) .
I n  summary,  when compar ed  w i t h  o b s e r v a t i o n s ,  t h e  u s e  o f  c o n s t a n t  
e ddy  c o e f f i c i e n t s  r e s u l t  i n  a p o o r  and u n r e a l i s t i c  mode l  s i m u l a t i o n .
The r e s u l t s  a r e  improved  by u s i n g  a s m i - e m p i r i c a l  f o r m u l a t i o n s ,  [ l e t t e r  
a g r e e m e n t  i s  o b t a i n e d  t h r o u g h  e x p r e s s i o n s  w h i c h  a c c o u n t  f o r  
s t r a t i f i c a t i o n  v i a  R^.  The i mpr oved  r e s u l t s  a r e  l i m i t e d  t o  s p e c i f i c
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a p p l i c a t i o n * .  Mode l i  e m p l o y i n g  t h e  m l x i n g - l e n g t h  h y p o t h e s i s  a s  a 
c l o s u r e  scheme f o r  t he  g o v e r n i n g  e q u a t i o n *  r e q u i r e  e m p i r i c a l  i n p u t  in 
t h e  form o f  c o n s t a n t * .  T h e s e  c o n s t a n t *  mus t  be d e t e r m i n e d ,  o r  t u n e d  In,  
f o r  e a c h  f low c a s e .  The n e e d  t o  a d j u s t  t h e s e  c o n s t a n t s  f o r  e a c h  
a p p l i c a t i o n  l i m i t  t he  use o f  t h i s  c l a s s  o f  m o d e l s .  A l t h o u g h  s e m i -  
e m p i r i c a l  f o r m u l a t i o n  r e s u l t e d  i n  a good a g r e e m e n t  w i t h  o b s e r v a t i o n s ,  
i n v e s t i g a t o r s  u r g e d  o t h e r  w o r k e r s  t o  f u r t h e r  exami ne  t h c , «  f o r m u l a t i o n s  
(Rowden and H a m i l t o n ,  1976 ; E l l i o t t ,  1 9 7 6 ) ,
0-1  A d v a n c e d - c l o i n r *  m o d e l s
Smi t h  and T a k h a r  ( 1 9 8 1 )  a p p l i e d  a o n e - e q u a t i o n  model  t o  a n  
i d e a l i s e d  s t r a i g h t  r e c t a n g u l a r  c h a n n e l ,  s i m i l a r  i n  d i m e n s i o n *  t o  t he  
R o t t e r d a m  w a t e r w a y .  Tn t h i s  model  t h e  eddy  v i s c o s i t y  was d e t e r m i n e d  by 
s o l v i n g  t he  t u r b u l e n c e  e n e r g y  e q u a t i o n  a nd  an  e x p r e s s i o n  f o r  L,  w h i c h  
t h e y  p r e v i o u s l y  d e r i v e d  ( S m i t h  and T a k h a r ,  1 9 7 9 ) ,  They  d e m o n s t r a t e d  
t h a t  t h e  r e p r e s e n t a t i o n  o f  R e y n o l d *  f l u x e s  i n  e s t u a r i e s  e mp l oy i n g  t h i s  
c l o s u r e  scheme o v e r c a me  t h e  need  t o  a dd  an e x t r a  t e rm t o  t h e  eddy
v i s c o s i t y  f o r m u l a e  i n  o r d e r  t o  a c c o u n t  f o r  t u r b u l e n c e  d u r i n g  s l a c k
w a t s r .
As m e n t i o n e d  e a r l i e r  In t h i s  c h a p t e r ,  Mel l o r  and Yamada ( 1982)  
a dde d  a new l e v e l  o f  t u r b u l e n c e  c l o s u r e  m o d e l s  t o  t h e i r  c l a s s i f i c a t i o n .  
T h i s  new m o d e l ,  l a b e l e d  l e v e l  two a nd  a h a l f ,  i s  a s i m p l i f i e d  v e r s i o n  o f  
t h e i r  l e v e l  t h r e e  m o d e l .  T h i s  v e r s i o n  i s  e q u i v a l e n t  t o  t he  k - e  mode l .  
The v e l o c i t y  s c a l e  e q u a t i o n s  a r e  n o t  q u i t e  s i m i l a r  r e f e r r i n g  t o  t h e  way
buoya nc y  t e r m* a r e  m o d e l e d .  The k - s  model  empl oys  t h e  e x a c t  b u o y a n c y
t e r m,  w h i l e  t h e  l e v e l  two and  a h a l f  model  d e t e r m i n e s  t h e s e  v i a  
s t a b i l i t y  f u n c t i o n .  As f o r  m i x i n g  l e n g t h ,  t h e  mai n  d i f f e r e n c e  b e t w e e n
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t h e s e  two l e n g t h  s c a l e  e q u a t i o n s  a r e  t he  c o n s t a n t s  e mpl oyed  i n  e a c h  
e q u a t i o n .  I t  h a t  b e e n  d e m o n s t r a t e d  by v a r i o u s  w o r k e r *  t h a t  c o n s t a n t s  
employed In t he  k - e  model  do n o t  r e q u i r e  a d j u s t m e n t  t o  e a c h  i n d i v i d u a l  
a p p l i c a t i o n .  A l l  model  a p p l i c a t i o n s  were made t h r o u g h  the  s t a n d a r d  
c o n s t a n t s  c i t e d  f rom l i t e r a t u r e .  On the  o t h e r  ha nd ,  two o f  t he  
c o n s t a n t s  employed i n  t h e  l e n g t h  s c a l e  e q u a t i o n  by H c l l o r  and Yamada 
( 1332)  have  to be a d j u s t e d  f o r  e a c h  c a s e .  They a l s o  s t a t e d  t h a t  "  On# 
can n o t  a s s e r t  g r e a t  c o n f i d e n c e  i n  e q u a t i o n  ( 4 3 ) .  Ue p r e f e r  i t  r a t h e r  
t ha n  t h e  d i f f e r e n t i a l  e q u a t i o n  f o r  d i s s i p a t i o n  used by Daly  and Har l ow 
. . . M. E q u a t i o n  4B.  t h a t  t h e y  r e f e r  t o ,  i s  t h e  m i x i n g  l e n g t h  f o r m a l *  
empl oyed  l a  t h e i r  c l o s u r e  s c h e m e .  The same e q u a t i o n  t h a t  was  u s e d  by 
Daly a nd  Har low {19701 i t  e q u a t i o n  2 - 2 9  i n  t h i s  I n v e s t i g a t i o n .  As 
i t a t e d  e a r l i e r ,  a l l  m i x i n g  l e n g t h  e q u a t i o n s  pe r f o r m s i m i l a r l y  t o  e a c h  
o t h e r .  T h e r e f o r e ,  one s h o u l d  i n v e s t i g a t e  t h e  o v e r a l l  model  r e s u l t s  
r a t h e r  t h a n  how t h e  I n d i v i d u a l  mi x i ng  l e n g t h  e q u a t i o n  b e h a v e s .  Fo r  t h e  
l e v e l  two and a h a l f  an e m p i r i c a l  fo rmul a  f o r  t he  l e n g t h  s c a l e  c a n  a l s o  
be empl oyed  i n s t e a d  o f  s o l v i n g  a c omp l e t e  t r a n s p o r t  e q u a t i o n  f o r  t h e  
c h a r a c t e r i s t i c  m i x i n g  l e n g t h  s t a l e .  I f  s u c h  an a p p r o a c h  i s  t a k e n ,  t h e n  
t he  l e v e l  two and a h a l f  l a  c l a s s i f i e d  a* a o n e - e q u a t i o n  m o d e l .
Gey,  Mel l o r  a nd  H i r e s  ( 1 9 8 5 )  e mpl oye d  a l e v e l  two and a h a l f  
t u r b u l e n t  c l o s u r e  scheme in t h e i r  a p p l i c a t i o n  o f  t h e  t h r e e - d i m e n s i o n a l  
t i m e -  d e p e n d a n t  model  t o  t he  I l u d s o n - R a r i t a n  e s t u a r y .  They r e p o r t e d  t h a t  
r e s u l t *  from c u r r e n t  s i m u l a t i o n s  compared r e a s o n a b l y  w e l l  w i t h  f i e l d  
o b s e r v a t i o n s  e x c e p t  a t  n a r r o w c h a n n e l  r e g i o n s  where  t h e  model  r e s o l u t i o n  
i s  i n a d e q u a t e .
C e l t k  and Rod i  (1985)  a p p l i e d  t h e  fc-a model  t o  a s ma l l  p o r t i o n  o f  
t he  Tlumber e s t u a r y  i n  o r d e r  t o  c a l c u l a t e  t h e  v a r i a t i o n  o f  t h e  eddy
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v i s c o s i t y  In  t h e  v e t t l c i l  p i n n a  i t  v a r i o u s  t i m e  i n t e r v a l s .  Model  
p r e d i c t i o n s  o f  t h e  eddy c o e f f i c i e n t s  ha ve  b e e n  shown t o  be  in good 
a g r e e m e n t  w i t h  o b s e r v a t i o n s  made  by o t h e r  w o r k e r s ,  A d r a s t i c  t e m p o r a l  
and s p a t i a l  c h a n g e  o f  t h e  p r e d i c t e d  and o b s e r v e d  eddy v i s c o s i t y  was 
n o t e d .  From s u c h  r e s u l t s  C e l i k  and Rod i  { 1 9 8 3 )  c o n c l u d e d  t h a t  a 
c o n s t a n t  o r  a s i m p l e  f u n c t i o n  o f  t he  v e r t i c a l  d i s t a n c e  c a n  not  
a p p r o a i t n a t e  t h e  e d d y  v i s c o s i t y .
The e m p i r i c a l  c o n s t a n t s  empl oyed  i n  t h e i r  k - e  m o d e l  were  g i v e n  
t be  s t a n d a r d  v a l u e s  c i t e d  i t) l i t e r a t u r e .  T h e s e  c o n s t a n t s  were  n o t  
a d j u s t e d  t o  F i t  t b e  e x p e r i m e n t s  o r  o b s e r v a t i o n .  They a l s o  r e p o r t e d  t h a t  
t e m p o r a l  and s p a t i a l  v a r i a t i o n s  o f  t h e  v o t o c i t y  f i e l d  c a n  be p r e d i c t e d  
s a t i s f a c t o r i l y  i n  w a v e - i n d u c e d  t u r b u l e n t  f l o w  by t h e  k - e  m o d e l ,
I t  s h o u l d  bo n o t e d  t h a t  t h e  Humber  e s t u a r y  i a  w o l l - m i i e d  w i t h  
n e a r l y  u n i f o r m  v e r t i c a l  s a l i n i t y  d i s t r i b u t i o n .  T h e r e f o r e ,  b u o y a a c y  
e f f e c t s  c a n  be ( a n d  wer e )  n e g l e c t e d  In t h e i r  s t u d y .  M o s t  e s t u a r i e s  
h o w e v e r ,  ha ve  n o n u n i f o r m  s a l i n i t y  d i s t r i b u t i o n s  wh i c h  r e s u l t  i n  
c o n s i d e r a b l e  s t r a t i f i c a t i o n  a n d  r e q u i r e  a p r o p e r  p r e s e n t a t i o n  o f  
b u o y a n c y  t e r m s  i n  t h e  k~e m o d e l .
R a s t o g l  a n d  Rodi  { 1 9 7 8 )  c ompar ed  a t w o -  v e r s u s  a t h r e e -  
d i m e n s i o n a l  mode l  i n  whi ch  c l o s u r e  o f  t h e  g o v e r n i n g  e q u a t i o n s  was  
a c c o m p l i s h e d  by a n  a d v a n c e d  t u r b u l e n c e  m o d e l .  The k - s  c l o s u r e  
I n t r o d u c e d  f o r  t h e  t w o - d i m e n s i o n a l  d e p t h  i n t e g r a t e d  m o d e l  d o e s  n u t  
a c c o u n t  f o r  t h e  i n f l u e n c e  o f  b u o y a n c y .  N e v e r t h e l e s s ,  a t  h i g h  F r o n d e  
n u m b e r s ,  c o m p a r i s o n s  o f  t h e  2 - 0  and 3-D mode l  p r e d i c t i o n s  show g o o d  
a g r e e m e n t  f o r  d i f f e r e n t  v e l o c i t y  r a t i o s  a n d  r i v e r  b e d  r o u g h n e s s .  The 
same w e l l  e s t a b l i s h e d  s t a n d a r d  e m p i r i c a l  c o n s t a n t s ,  c i t e d  i n  l i t e r a t u r e .
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w e e * e m p l o y e d  a g a i n  f o r  t h i s  c o m p a r i s o n  w h i c h  d t n o m t r i t c d  t h e
g e n e r a l i t y  o f  t h e  k - e  m o d e l .
Mode l*  e m p l o y i n g  t r a n s p o r t  e q a t l i o n x  f o r  i n d i v i d u a l  t u r b u l e n t  
s t r e s s e s  end  f l u x e s  p r e d i c t  t h e  t u r b u l e n t  p r o c e s s e s  more  r e *  H e l i c a l l y  
t h e n  t i m p l e r  m o d e l s .  On t h e  o t h e r  h e a d ,  t h e ?  h a v e  b e e n  t e s t e d  v e r y
l i t t l e  e n d  c o m p u t a t i o n a l l y  a r e  mor e  e x p e n s i v e  t h a n  o n e -  and t w o - e q u a t i o n
mode 1s .
C o n c e r n i n g  t h e  c h o i c e  o f  a s u i t a b l e  t u r b u l e n c e  m o d e l ,  i t  seems 
t h a t  t h e  l e v e l  two m o d e l  i s  mos t  p r o m i s i n g  i n  t e r m s  o f  i t s  e x t e n t  o f  
a p p l i c a b i l i t y  and  s i m p l i c i t y .  F o r  t h i s  s t u d y ,  t b e  l e v e l  two model  i t  
c h o s e n  a s  a r e p r e s e n t a t i v e  o f  Me 11 o r ’ * a n d  Y a m a d a ' s  {1974 ,  1980)  
c l a s s i f i c a t i o n .  F u r t h e r m o r e ,  t h e  k - t  m o d e l  i s  s e l e c t e d  t o  r e p r e s e n t  t he  
o t h e r  s c h o o l  o f  t h o u g h  { R o d i ,  1 9 8 0 a ) ,  T h e  k - e  m o d e l  r e q u i r e s  t h e  
s o l u t i o n  o f  two a d d i t i o n a l  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s ,  wh i ch  w i l l  
s u b s t a n t i a l l y  i n c r e a s e  c o m p u t a t i o n a l  t i m e  f o r  m o a t  a p p l i c a t i o n s .  On the 
o t h e r  h a n d ,  t h e  l e v e l  two mode l  d o e s  n o t  r e q u i r e  t h e  s o l u t i o n  o f  e x t r a  
e q u a t i o n s .  I n s t e a d ,  an a l g e b r a i c  e x p r e s s i o n  f o r  t h e  s t a b i l i t y  f u n c t i o n  
i s  n e e d e d .  He nc e ,  l e n g t h y  c o m p u t a t i o n a l  t i me  i t  n o t  a m a j o r  
c h a r a c t e r i s t i c  o f  t h e  l e v n l  two m o d e l s .  I t  ha*  b e e n  s u g g e s t e d  t h a t  the  
l e v e l  two mode l  a n d  k~e  mode l  h a v e  a v e r y  wide  r a n g e  o f  a p p l i c a b i l i t y  
a nd  a r e  s u p e r i o r  t o  m o d e l s  t h a t  e mpl oy  t h e  m i x i n g  l e n g t h  h y p o t h e s i s .  
A c c o r d i n g  t o  t b e  p r e c e d i n g  l i t e r a t u r e  r e v i e w ,  t h e  c h o i c e  o f  t b e  k-1 and 
l e v e l  two mode l  i s  f a v o u r e d .  E a c h  o f  t h e s e  m o d e l s  p r e s e n t s  a d i f f e r e n t  
s c h o o l  o f  t h o u g h t  a n d  t h u s  p o s e  a n  i n t e r e s t i n g  c h a l l e n g e  t o  s e e  how t h e y  
p e r f o r m  i n d i v i d u a l l y  a nd  i n  c o m p a r i s o n  t o  one a n o t h e r .  These  two models  
h a v e  b e e n  s e l e c t e d  a s  t h e  c l o s u r e  scheme f o r  t h e  e q u a t i o n s  g o v e r n i n g  t h e  
mean f l o w  v a r i a b l e s  f o r  t h e  u n d e r g o i n g  i n v e s t i g a t i o n .  Th i s  s e t  o f
e q u a t i o n s  d e s c r i b i n g  t h e  d y n a m i c s  o f  an e s t u a r y ,  a r c  d e r i v e d  i n  t he  
f o l l o w i n g  c h a p t e r .  The e q u a t i o n s  a r e  t h e n  p u t  i n  a n u m e r i c a l  scheme 
be s o l v e d  by a c o m p u t e r .
CHAPTER I I I .
FINITE DIFFERENCE FORM FOR THE k - t  MODEL
T h i s  c h a p t e r  i* s u b d i v i d e d  i n t o  t h r e e  m a j o r  s e c t i o n s .  The f i r s t ,
A, shows bow t h e  two c l o t u r e  schemes  a r e  i n c o r p o r a t e d  w i t h  t h e  g o v e r n i n g  
e q u a t i o n s .  The s e c o n d ,  B, d e a l s  w i t h  t h e  d e r i v a t i o n  o f  t h e  t u r b u l e n t  
c l o s u r e  s c heme .  The k and e e q u a t i o n s  a r e  i n t e g r a t e d  l a t e r a l l y  in 
s e c t i o n  B - l  a nd  v e r t i c a l l y  i n  s e c t i o n  B - 2 , P r o d u c t i o n  t e r m s  t h a t  a p p e a r
M  , ,
i n  k and e e q u a t i o n s  w i l l  be  shown a t  SRC t h r o u g h o u t  t h i s  c h a p t e r .  
S i n c e  t h e s e  t e r m s  r e q u i r e  s p e c i a l  t r e a t m e n t ,  t h e y  w i l l  be  i n t e g r a t e d  
s e p a r a t e l y  i n  c h a p t e r  4 .  The t h i r d  and f i n a l  s e c t i o n ,  C, i s  d e v o t e d  t o  
t h e  f i n i t e  d i f f e r e n c e  f o r m u l a t i o n .  The f i n a l  form o f  fc and e e q u a t i o n s  
a r e  t h e n  e x p r e s s e d  i n  t b e  f i n i t e  d i f f e r e n c e  form.
The p r e s e n t  s t u d y  a d o p t s  a r i g h t - h a n d  c o o r d i n a t e  s y s t e m  i n  which 
t h e  o r i g i n  i s  l o c a t e d  a t  t he  u n d i s t u r b e d  f r e e  s u r f a c e  a t  t h e  h e a d  o f  t h e  
e s t u a r y .  The x a x l e  1* p o s i t i v e ,  d i r e c t e d  t o w a r d s  t h e  mouth  o f  t b e  
e s t u a r y .  The y a x i s  i s  p o s i t i v e  t o  t h e  r i g h t ,  f a c i n g  u p s t r e a m ,  w h i l e  t h e  
x a x i s  i s  p o s i t i v e  upwa r d  a s  shown i n  f i g u r e  3 . 1 ,
A. G overning e q u a tio n s :
The b a s i c  s e t  o f  e q u a t i o n *  t h a t  r e p r e s e n t  and d e t e r m i n e  t h e  f low 
f i e l d  and s a l i n i t y  s t r u c t u r e  o f  an e s t u a r y ,  i n  s pa ce  a nd  t i m e ,  a r e  t h e  
momentum b a l a n c e  e q u a t i o n ,  t he  s a l t  c o n s e r v a t i o n  e q u a t i o n ,  t h e  
c o n t i n u i t y  e q u a t i o n  and an e q u a t i o n  o f  s t a t e .  A p p l i c a t i o n  o f  Re y n o l d s
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r u l e  o f  a v e r a g i n g ,  and by n o t i n g  the  a s s u m p t i o n s  s t a t e d  e a r l i e r  l a  
C h a p t e r  1 ,  r e s u l t s  In t he  f o l l o w i n g  s e t  of  e q u a t i o n s
Otl, 3U i j o  j  i p  4
at * uj - 3 r -  - - 1 ! r  - f r ' V j  1 * ■!<?*> <3-i»
J O i J o
3 v i
5 “  -  0 ( 3 - 1 )
i f + k  ,ais > ■ - k  ‘v >  <3- 31
1 i
p -  p fl < l . Q  + (IS) ( 3 - 4 )
S i m p l i f i c a t i o n  o f  t h e  g o v e r n i n g  e q u a t i o n s  c a n  be o b t a i n e d  by 
a p p l y i n g  t h e  b o u n d a r y - l a y e r  a p p r o x i m a t i o n .  T h i s  a p p r o x i m a t i o n  s t a t e s
& ut h a t  t h e  v e l o c i t y  s h e a r  - -  i s  p r e d o m i n a n t ,  w h i c h  i m p l i e s  t b a t  o n l y
S l t
v e r t i c a l  t u r b u l e n t  d i f f u s i o n  i s  s i g n i f i c a n t .  T h u s ,  t h e  p r o p o s e d  model  
i n  i t s  f i n a l  f o r a  can be w r i t t e n  a s :
3 u : a u,
‘j • V ' - i
a u
-  s* 0 ( 3 - 6 )
3 * i
i TT i  l a p  . a  i  % j .  n .  t ^ £ \  ( i- - -  +■ u  - - -------   -  -  - —  -  ft - - -  (u  u ,  ) + g ,6 , . ( ) ( 3 - 5 )a t  j fla p ax.  i 1 i * i i ’ p
I I  .  J _  ,  v  , . .  • _
p = p ,  { 1 . 0  +■ PS) ( 3 - 3 )
f o r  t h e  fc-c mode l  Reynolds  s t r e s s  c a n  be mode l e d  as  f o l l o w s :
- - - -  3Ul
- u . o ,  “ U  t "  p i f  1 ■ 1* j “ 3 snd * 0 , o t h e r w i s e  ( 3 - 9 )I j  t  a * ,
who r e
i
V -  C -  E3-9*)t  p e
a nd  f o r  l e v e l  two model  Reynol ds  s t r e s s  can be r e p l a c e d  by:
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* a i) ** L S ( - -  ) , i f  i -  1 ,  j  -  3 a nd  -  0 .  o t h e r w i s e ( 3 - 1 0 )
Re yno l d*  f l u *  can  be a p p r o x i m a t e d  by  t h e  k - i  model  u  f o l i o * * :
-  u , s i f  1 ■ 3 and = 0 . o t h e r w i s e ( 3 - 1 1 )
end by t h e  l e v e l  two model  a* f o l l o w * ;
-  u , I  i i f  i '  3 a nd  m 0 .  o t h e r w i s e ( 3 - 12  )
I n  whi ch
S and S a r e  t h e  s t a b i l i t y  f u n c t i o n *  d e f i n e d  in C h a p t e r  2 ,  m h
S i n c e  p a r a m e t e r  v a r i a t i o n *  a c r o s s  e s t u a r i e s  a r e  u s u a l l y  s m a l l  
c ompar ed  t o  l o n g i t u d i n a l  v a r i a t i o n * ,  t h e  a bove  e q u a t i o n s  can be  f u r t h e r  
s i m p l i f i e d  by l a t e r a l  i n t e g r a t i o n ,  C a r c o  ( 1982)  h a t  i n t e g r a t e d  t h e  
e q u a t i o n *  g o v e r n i n g  t h e  mean f l o w .  lie a l t o  d e s c r i b e d  how t h e s e  
e q u a t i o n s  c a n  be e x p r e s s e d  in f i n i t e  d i f f e r e n c e  f o r a .  Th e s e  p r o c e d u r e s  
w i l l  no t  be r e p e a t e d  h e r e .  I n s t e a d ,  t b e  p r o p o s e d  c l o s u r e  s c h e m e s  w i l l  
be i n t e g r a t e d  l a t e r a l l y ,  v e r t i c a l l y  and t h a n  e x p r e s s e d  i n  f i n i t e  
d i f f e r e n c e  form.  I t  s h o u l d  be n o t e d  t h a t  i t  i s  t h e  k and t  e q u a t i o n s  
t h a t  ne e d  t o  be i n t e g r a t e d  w h e r e a s  t h e  l e v e l  two model  i s  an a l g e b r a i c  
e x p r e s s i o n  wh i ch  c a n  be s o l v e d  e a s i l y  by a c o m p u t e r  a n d  need n o t  be 
i n t e g r a t e d .
A -l Turbulence c lo s u r e  scheme ( l - t ) .
The s i m p l i f i e d  s e t  o f  e q u a t i o n s  3 - 5  t h r o u g h  3-B a r e  n o t  c l o s e d  f o r  
r e a s o n s  s t a t e d  e a r l i e r .  The s y s t e m  o f  e q u a t i o n s  c a n  be  s o l v e d  i f  and
o n l y  i f  Reynol d*  s t r e s s e s  u^u^ and  t u r b u l e n t  f l u x e s  u ^ s  can  be  
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d e t e r m i n e d .  A t w o - e q u a t i o n  t u r b u l e n c e  c l o s u r e  model  ( k - s )  i i  employed
t i  one p e r t  o f  t h l t  s t u d y .  The two p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s ,
w h i c h  t o g e t h e r  c o m p r i s e  t h e  k**e mode l  i n  f u l l  f o r  h i g h  R e y n o l ds  number ,
a r e  p r e v i o u s l y  s t a t e d  i n  C h a p t e r  2 ( e q u a t i o n s  2 - 2 6  t h r o u g h  2 - 2 9 ) .  The
s t a n d a r d  k - e  model  i s  b a s e d  on t he  a s s u m p t i o n  t h a t  e ddy  v i s c o s i t y  i s
" 7 t
t h e  same f o r  a l l  Re y n o l d *  s t r e s s e s  u j^ u j  ( I s o t r o p i c  e ddy  v i s c o s i t y ) .
" 7 ”
The c a l c u l a t i o n  o f  *n e s t u a r i e s  i s  n o t  i n f l u e n c e d  by  t h i s
* " 7
a s s u m p t i o n  b e c a u s e  o n l y  t he  s h e a r  s t r e s s  u v  I* I m p o r t a n t  i n  t h e s e
f l ows  ( R a d i ,  1 9 8 0 a ) .  I n  a d d i t i o n .  Rod!  ( 1 9 6 0 a , b )  r e p o r t e d  t h a t  t h e
c o n s t a n t  C, i s  a p p r o i i m a t e l y  e q u a l  t o  z e r o  f o r  v e r t i c a l l y  b u o y a n t  s h e a r(■
f l o w .  T h u s ,  t h e  p r o p o s e d  k - e  model  i n  i t s  f i n a l  form r o a d s
> + P + G -  * 0 - 1 2 )
i
i
) + C. |  (P+C) -  C. -1.  ( 3 - 1 3 )
i h  1 h  1
A l l  p a r a m e t e r s  I n  t h e s e  e q u a t i o n s  have  b e e n  d e f i n e d  i n  C h a p t e r  2 .
I f  b o u n d a r y  l a y e r  a p p r o x i m a t i o n s  a r e  i n t r o d u c e d  t o  e q u a t i o n s  ( 3 - 1 2 )
and  ( 3 - 1 3 ) ,  on* c a n  w r i t e ;
2* + u.i
Ok
k
K 0k
dt a k 01
2* +
u i
at
k
h 2iat aV a e 01
is ♦ q ii . W |i . i- r r ♦ 1- <*i- ii3 1 d j  3 t  3 t  i  3 x  3 1  f l i
+ P -  G -  e ( 3 - 1 4 )
* ■  + U 2 *  +  «  2 i  .  2 -  F  - -  +  2 _  r - £  2 ‘at 3i ax I 3i di <3 3z4
I
+ C. z  (I>+c> -  C1 4 -  ( 3 - 1 3 )1t  k  *e t
i n  which
1"^  * l o n g i t u d i n a l  d i s p e r s i o n  due t o  t r a n s v e r s e  v e l o c i t y  s h e a r
3 3
Tho p r o d u c t i o n  t e r m,  P i n  a q u a t i o n *  ( 3 - 1 2 )  a nd  ( 3 - 1 3 ) ,  w i l l  be 
e v a l u a t e d  i n  more  d e t a i l  i u  L h a p t o r  4 .  T h e r e f o r e ,  P w i l l  be e x c l u d e d  
from i n t e g r a t i o n  i n  the f o l l o w i n g  s e c t i o n s .
B - l  L a t e r a l  i n t e g r a t i o n
F u r t h e r  r e d u c t i o n  i s  a c c o m p l i s h e d  i f  t h e  k end  e e q u a t i o n s  a r e  
i n t o g r a t e d  a l o n g  t h e  y a x i s .  T h i s  s i m p l i f i c a t i o n  i s  o b t a i n e d  by 
a s s u m i n g  t h a t  a l l  v a r i a b l e s  a r e  i n d e p e n d e n t  o f  y a nd  by e m p l o y i n g  
L i e b n i t i '  r u l e .  The l a t e r a l l y  i n t e g r a t e d  k and a e q u a t i o n s  a r e :
B - l - 2  V e r t i c a l  I n t e g r a t i o n
As m e n t i o n e d  e a r l i e r ,  g r i d  s p a c i n g  i n  t h e  v e r t i c a l  d i r e c t i o n  w i l l  
r e s u l t  in a number  o f  h o r l t o n t a l  s l i c e s  t o  wh i ch  t h e  k and e e q u a t i o n s  
a r e  a l s o  a p p l i c a b l e .  V e r t i c a l  i n t e g r a t i o n  i s  a c c o m p l i s h e d  by a s s u m i n g  
a l l  v a r i a b l e s  a r e  c o n s t a n t  o v e r  t he  d e p t h  o f  e a c h  l a y e r .  E m p l o y i n g  t h e  
mean v a l u e  t h e o r e m  f o r  i n t e g r a l s  t o  b u o y a n c y  t e r m s  i n  b o t h  t h e  k and  e 
e q u a t i o n s  a l o n g  w i t h  L i e b n i t i '  r u l e  y i e l d s :
s
( 3 - 1 6 )
( 3 - 1 7 )
0_
3 t DUkh +(BVfk)_-(DVfk)
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4 - D t h  + 4 " n Ueh MBWe ^ - f BWe K 4 s *) + SRC + Ct  f - B h
f l t  f l i  l b  o x  x  9 *  * e  It
+ ( —  B | i )  -  ( - -  n  | ^ )o &z T  a c z  b t  c
^ t  -
* t  c »a P l « ( ^  B h J < V V  n ' 2n)
i n  which
h * l a y e r  t h i c k n e s s
T . b -  s u b s c r i p t s  d e n o t i n g  p a r a m e t e r  e v a l u a t e d  a t  t o p  a nd  b o t t o m  n f  a 
l a y e r  r e s p e c t i v e l y
C. F i n i t e  D l f fa r tu t i i  Formulation
An a n a l y t i c a l  e o l a t i o n  for  t h e  c o m p l e t e  s e t  o f  e q u a t i o n *  doe* n o t  
e x i s t . *  I n  o r d e r  t o  s o l v e  t h i s  s y s t e m  o f  e q u a t i o n s ,  a n u m e r i c a l  a p p r o a c h  
i s  t a k e n .  In t h e  f i n i t e  d i f f e r e n c e  f o r m u l a t i o n ,  a l l  c o n t i n u o u s  
v a r i a b l e s  a r e  r e p l a c e d  by d i s c r e t e  v a r i a b l e s  on a u n i f o r m  s t a g g e r e d  
g r i d .  The g r i d  u s e d  f o r  t h i s  s t u d y  i s  shown i n  f i g u r e  3 , 1 ,  A p p l i c a t i o n  
o f  t he  b o u n d a r y  c o n d i t i o n s  was made e a s i e r  by u s i n g  a s t a g g e r e d  g r i d  as  
w i l l  be  shown l a t e r .
The c h a n n e l  was s u b d i v i d e d  i n t o  t u b v o l u m e s  i n  w h i c h  t h e  
l o n g i t u d i n a l  i n d e x ,  i ,  i n c r e a s e d  f rom t he  h e a d ,  i * l , t o  t h e  mouth  o f  t he  
c h a n n e l ,  i*L,  The v e r t i c a l  i n d e x ,  k .  i n c r e a s e d  f rom t h e  s u r f a c e ,  k - 1, 
t o  t he  b o t t o m  l a y e r ,  k>n .  D i s t a n c e  b e t w e e n  l o n g i t u d i n a l  n o d e s  i s  
d e n o t e d  by Ax, and v e r t i c a l  d i s t a n c e  b e t w e e n  l a y e r s  i s  s e t  e q u a l  t o  Az.  
To i n d i c a t e  t h e  t ime  s t e p ,  a s u p e r s c r i p t  ' i s  u s e d  f o r  f u t u r e  t ime s t e p  
( q+ 1 ) .  No s u p e r s c r i p t  r e p r e s e n t *  p r e s e n t  t i m e  s t e p  ( u ) .  I t  s h o u l d  be
4 0
t l t o  n o t e d  t h a t  t h e  e s t u a r y  w i d t h ,  Ii, i i  a f u n c t i o n  of  on l y  t  and i .
The s u r f a c e  l e v e l  e l e v a t i o n ,  n< i s  * f u n c t i o n  o f  x and t ,  and  (be  l a y e r  
t h i c k n e s s ,  h,  i s  o n l y  a f u n c t i o n  o f  t  f a r  t h e  s u r f a c e  l a y e r  and a 
f u n c t i o n  o f  z f o r  t h e  r e m a i n i n g  l a y e r s .
The r e p r e s e n t a t i o n  o f  v a r i a b l e s  used i n  n u m e r i c a l  I n t e g r a t i o n  can 
v a r y  w i d e l y .  The  e l e c t e d  s c heme ,  however ,  s h o u l d  p r ov i de  a s t a b l e  and 
c o n v e r g e n t  s o l u t i o n  t o  t h e  o r i g i n a l  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s .  A 
s e m i - i m p l i c i t  scheme was d e v e l o p e d  by Cer co  (19B2 1 and has  b e e n  p r o v e n  
t o  m e e t  s u c h  r e q u i r e m e n t s .  The f i n i t e  d i f f e r e n c e  t e c hn i que  a d o p t e d  f o r  
t h i s  s t u d y  i* t h e  same a s  t h e  one  employed by Cercn (1981) .  F u l l  
d e t a i l s  o f  t h e  n u m e r i c a l  s o l u t i o n  f o r  e q u a t i o n *  gove r n i ng  t h e  mean f low 
a r e  d e s c r i b e d  i n  d e t a i l *  e 1 s e w h e r a f C e r c o ,  1982 ) .  T h e r e f o r e ,  a t t e n t i o n  
w i l l  o n l y  be g i v e n  t o  t h e  e q u a t i o n s  t h a t  c o m p r i s e  t he  t u r b u l e n t  c l o s u r e  
s c h e m e .
P - l  F o r m u l a t i o n  o f  t h *  e a i r g y  e q u a t i o n
I n  t h e  f i n i t e  d i f f e r e n c e  f o r m u l a t i o n ,  t h e  g r i d  p a i n t s  where  
a r e  e v a l u a t e d  a r e  t b o i e  p o i n t s  a t  which v e r t i c a l  and h o r i z o n t a l  
v e l o c i t i e s  a r e  c a l c u l a t e d ,  r e s p e c t i v e l y .
The i n t e g r a t e d  d i s c r e t i z e d  form of  t h e  k - e q u a t i o n  ( 3 -19)  f o r  the  
s u r f a c e  l a y e r  l a :
DIFB ( t
- - - i - )  -  WtB
+ SRC + a B (Az+nij ) ( 3 - 1 1 )
i n  w h i c h
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T5 i . k  -  Ui * l , l c  B . . k  * * * + - „ [  > [ ( k l i k  ♦ k , . 1>k ) /  2.1
T6 i . k  "  Cl  * 1* 1. k 1 A'  * " i * l ’ * k i + l , k  "  k i , k l
5 i . k  * <Di . k  * B m , k  1 '  * •
*“  * \ . k  "  Bi . k  * B1, k. i  ' '  *■'  << Y k  + “ i . k . i  1 > J - '
B + B k + k
DIFB -  — i i k — - - t - i - - )  ( — i s £ - _
a k 2 2
A s i m i l a r  e q u a t i o n  f o r  t h e  r e m a i n i n g  s u b s u r f a c e  l a y e r s  c a n  be
w r i t t e n  i f  q , i n  e q u a t i o n  1 3 - 2 1 ) ,  i s  s e t  e q u a l  to i e r o  and by a d d i n g  t h e
a p p r o p r i a t e  t e r m s  t o  a c c o u n t  f o r  v e r t i c a l  t r a n s p o r t  a nd  d i f f u s i o n
t h r o u g h  t he  s u r f a c e  o f  e a c h  l a y e r .  T h a t ,  t h e  g e n e r a l i z e d  fore) o f  t h e
e n e r g y  e q u a t i o n ,  a p p l i c a b l e  t o  s u b s u r f a c e  l a y e r s  i s ;
— Ic , . ADA2 •  DIFT + k , ( 1 + AOA2 (DlFT + DIFB) J1, k - 1 1, t
T3 -  T3
- k ' , ,  ADA2 •  DIFB -  k . . -  ADA2 I — - ™ ---------i , k + l  i , k  Ai
-  ADAS [VfkT -  WkDl
+ ADAS T SBC + B. , A*  cl  ( 3 - 2 2 )i ,k
i n  w b i c h
n r  - «i > w [( b, k * «l i W  > I 2 .! [( k lik .  k, k_, ) / 2 .)
^ Y k -1  Y k  * Y k - 1  . , ki.k * ki , k-1DIFB  ----------   ( -  z---------------) (------------- r ---------------->1 2
E q u a t i o n  ( 3 - 2 1 )  i s  I n  a t r i d i a g o n a l  form which c a n  be s o l v e d  by
m a t r i x  m e t h o d s  i f  v e r t i c a l  b o u n d a r y  c o n d i t i o n *  a r e  p r o v i d e d .  Aa
m e n t i o n e d  e a r l i e r ,  t h e r e  i f  no e n e r g y  f l u x  t h r o u g h  s o l i d  b o u n d a r i e s  o r
a t  t h e  f r e e  s u r f a c e .  The b o u n d a r y  c o n d i t i o n  empl oyed  h e r e i n  i s  a s
f o l l o w s
V  - -  -  0 z -  q 1 3 - 2 3a)
t  d 1
v _ o z - - n 13-23M
t  3 z
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C-2 F o A i l l t l d D  o f  t h t  e n e r g y  d i s s i p a t i o n  i q u t l o o
The i  e q u a t i o n  ( 3 - 2 0 )  r c o i i i n i  t o  bo e x p r e s s e d  l a  a d i s c r e t e  form 
f o r  s u r f a c e  and s u b s u r f a c e  l a y e r * .  The a e q u a t i o n  i a  t r e a t e d  In a 
s i m i l a r  manner  t o  t he  k e q u a t i o n .  The d i s c r e t e  form o f  t h e  e n e r g y  
d i s s i p a t i o n  e q u a t i o n ,  a p p l i c a b l e  t o  t he  s u r f a c e  l a y e r ,  i s  p r e s e n t e d  
be 1 ow
P f
Q.  e ,  . ( A i  f  q . )  -  B.  * {A* + q ) T7 , . -  T7 . ,  .r i , h  i , k  ' i  i , k  l , k  '1 , f i , k  i - l . k  . ut __ ] [ - -  }-  WaB
T 8 i k -  " i - l  k = -  DIFB ( ( , - ( .  ,  + (— ijL- - -------- - - - — )
i
+■ SRC + C. B, , ( A i + q . )  13 - 23)*e t  i , k  1
i n  which
n , , i  * W V k  1 4* * ' i  ’ H*1.1 4 V i . k  ’ ' 1-' 
difb •  - - - - -  (—iii!— i i i i i - j  ( . l i i i .  i i k i i . )
E
F o r  s u b s u r f a c e  l a y e r s  t h e  f i n a l  e q u a t i o n  i*
APA2 * DIPT + e ,  . [ 1 + ADA2 (DIFT + DIFB) ] *
7 1 , k } -  ADA2 [ WeT -  WaD ]+ c . . -  ADA2 [ -
+ ADA2 t SRC + C, B Az ~
* ' i , k
<3-26)
whe re
Wax . ( B .  + B .  . . > /  2 .  ( e + a . .  ) /  2 .1 , 1 - 1  i , k  i , k - l  i , k  i , k - l
DIFT -  - - - - - - -  ( - - - - - - - - — — ——— i —)
cf i  *e
E q u a t i o n  ( 3 - 2 6 )  i s  i n  a t r i d i a g o n a l  form whi ch  c a n  be s o l v e d  by 
m a t r i x  method* p r o v i d i n g  t he  a p p r o p r i a t e  v e r t i c a l  b o u n d a r y  c o n d i t i o n s  a t  
t ho  f r e e  s u r f a c e  and a t  t he  r i v e r  bet) a r e  Imposed ,  The b o u n d a r y  
c o n d i t i o n s  employed a r e
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V t  ~  -  0  a t  t  -  n  ( 3 - 2 7 a )
V f -  - 0 i t  i *  - II {J - 27b )
C 0 z
0 3  S o im d iiy  c o id i t la a  fo r  k tad  t  « q w t i i) i i i
l a  i n  i d e a l  c u e ,  p r o f i l e  s o f  k i n d  e me a s u r e d  a l o n g  t he  b o u n d a r i e s  
o f  t he  c a l c u l a t i o n  d o m a i n  a r e  d e s i r e d ,  T h i s  i n f o r m a t i o n ,  ho we v e r ,  i s  
no t  a lways  a v a i l a b l e ,  T h e r e f o r e ,  one mus t  c o n s t r u c t  a n  a p p r o p r i a t e ,  y e t  
c o n s i s t e n t ,  b o unda r y  c o n d i t i o n  f o r  k and c e q u a t i o n s .
At t he  ope n  end o f  an e s t u a r y ,  a common p r a c t i c e  i s  t o  e x t r a p o l a t e  
Tor h o r i z o n t a l  v e l o c i t i e s  t o  a f i c t i t i o u s  t r a n s e c t  o u t s i d e  t h e  o s t u a r y .
The tame t e c h n i q u e  l a  a p p l i e d  f o r  k and e a t  t he  o p e n  end
i i
3 k 3 * O . T— -  » - - -  -  0 i t  i  ■ L
3x 3 1
At t h e  u p s t r e a m  e n d  s d i f f e r e n t  a p p r o a c h  i t  t a k e n .  The I n i t i a l  and
bounda r y  c o n d i t i o n s  a t  t h e  mos t  u p s t r e a m  t r a n s a c t  a r e  d e p e n d e n t  upon t h e
i n f l o w  c o n d i t i o n s ,  Eddy v i s c o s i t y  i t  c a l c u l a t e d  f rom
V  * 0 , 0765  Vm h (3 -2  9)
a = S g U 0 - 3 0 )
e
s
l> -  C -  0 - 3 1 )
t  p e
in whi ch
S * s u r f a c e  s l ope  e
U( -  f r i c t i o n  v e l o c i t y
In  a c a s e  where t h e  f r e s h  w a t e r  i n p u t  a t  t he  u p s t r e a m  end i s  z e r o ,  
a d i f f e r e n t  method la a d o p t e d .  Uni form v a l u e s  o f  k and  i a r e  s e l e c t e d  
i n  a manner  such  t h a t  t h e  r e s u l t a n t  eddy v i s c o s i t y  i s  v e r y  l a r g e  when 
compared w i t h  m o l e c u l a r  v i s c o s i t y  ( ~ 1Q0 ^ ) .
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F i g u r e  3 . 1  : F i n i t e  d i f f e r e n c e  g r i d  and  a x i s  o r i e n t a t i o n
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VERIFICATIONS AND APPLICATIONS 
OF THE k-a  MODEL
In  o r d e r  t o  a s s u r e  t h a t  t h e  g o v e r n i n g  e q u a t i o n s  a l o n g  w i t h  t he  
c l o t u r e  model  ha ve  b e e n  f o r m a l * t e d  c o r r e c t l y ,  s e v e r a l  c o m p u t a t i o n a l  
t e s t s  were  c o n d u c t e d .  The p u r p o s e  o f  t h e s e  t e s t s  i t  t o  a s s u r e  t h a t  
a p p r o x i m a t i o n  u s e d  i n  i n t e g r a t i n g  d i f f e r e n t  t e r m s  i n  t h e  g o v e r n i n g  
e q u a t i o n s  a r e  v a l i d .  S e c t i o n  A i s  d e v o t e d  t o  d e r i v a t i o n  and s e l e c t i o n  
o f  a p p r o x i m a t i o n s  f o r  t h e  p r o d u c t i o n  t e r m*  t h a t  a p p e a r  i n  t h e  k and e 
e q u a t i o n s .  The a p p l i c a b i l i t y  o f  t h e  model  t o  a n o n b u o y a n t  o p e n  c h a n n e l  
f l ow i s  p r e s e n t e d  a n d  d i s c u s s e d  i n  s e c t i o n  B,  The f i n a l  s u b s e c t i o n ,  C, 
i s  d e v o t e d  t o  t h e  a p p l i c a t i o n  o f  t h e  s t a n d a r d  k - s  mode l  i n  a 
c o n t i n u o u s l y  s t r a t i f i e d  o p e n  c h a n n e l  f l ow In  wb i cb  s t r a t i f i c a t i o n  can 
h a v e  a p r o n o u n c e d  e f f e c t  on c i r c u l a t i o n ,
I t  s h o u l d  be  n o t e d  t h a t ,  u n l e s s  s t a t e d  o t h e r w i s e ,  a l l  t e s t  r u n s  a r e  
made w i t h  a u n i f o r m  r e c t a n g u l a r  c r o s s - s e c t i o n  c h a n n e l .
A, Trea tment  o f  energy  p r o d u c t io n  t e n s
In  t h i s  s e c t i o n  s p e c i a l  a t t e n t i o n  w i l l  be g i v e n  t o  t he  e n e r g y  
p r o d u c t i o n  t e r m s  w h i c h  a p p e a r s  i n  e q u a t i o n  3- 14  and 3 - 1 5 ,  S i n c e  t h e r e  
e x i s t  no a n a l y t i c a l  s o l u t i o n  t o  i n t e g r a t e  t h e s e  t e r m s ,  two d i f f e r e n t  
a p p r o a c h e s  ha ve  b e e n  s u g g e s t e d  a s  a n  a p p r o x i m a t i o n  f o r  t h e s e  t e r m s .
D e r i v a t i o n  and b o u n d a r y  c o n d i t i o n !  empl oyed  f o r  the two me t hods  w i l l  be 
p r e t e n t e d  f i r s t .  The r e s u l t s  o b t a i n e d  f o r  e a c h  case*  by  t he  two 
d i f f e r e n t  m o t b o d s ,  w i l l  be n o t e d .  The s e  r e s u l t s  a re  t h e n  compared  w i t h  
a n a l y t i c a l  s o l u t i o n s ,  i f  p o s s i b l e ,  and w i t h  e a c h  o t h e r .  A p r e f e r e n c e  l i  
t h e n  na da  t o w a r d s  a s i n i l e  a p p r o a c h  b a s e d  on t h e  r e s u l t s  o b t a i n e d .  A 
naming c o n v e n t i o n  I s  c h o s e n  t o  r e f e r  t o  e a c h  a p p r o a c h .  The f i r s t  
a p p r o a c h  w i l l  be r e f e r r e d  t o  a s  method A w h i l e  t he  s e c o n d  i s  r e f e r r e d  t o  
a t  me t hod  D.
A-l Method A
The e n e r g y  p r o d u c t i o n  t e r m ,  P,  can  he  a t t r i b u t e d  t o  two d i f f e r e n t  
m e c h a n i s m* .  F i r s t ,  p r o d u c t i o n  o f  e n e r g y  due t o  v e l o c i t y  s h e a r  a l o n g  the  
I n t e r f a c e  b e t w e e n  f l u i d  l a y e r s ,  Se c ond ,  p r o d u c t i o n  o f  e n e r g y  due  to
t he  f l ow i n t e r a c t i o n  w i t h  t h e  s o l i d  b o u n d a r y  a t  t he  r i v e r  be d ,  P 4 . 
T h e r e f o r e ,  t h e  p r o d u c t i o n  t e r m P, i n  e q u a t i o n  1 3 - 1 4 ) ,  c a n  be  w r i t t e n  as  
P -  + P a ( 4 - 1 )
R a s t o g i  a nd  Rodi  ( 1 9 7 9 )  a nd  Rod!  (19S0a)  r e p o r t e d  t h a t  P 4 >> P t due t o  
t he  p r e s e n c e  o f  a s o l i d  b o u n d a r y  a t  t he  b o t t o m .  An o r d e r  o f  m a g n i t u d e  
a n a l y s i s  shows t h a t  t h e  f i r s t  t e r m i n  e q u a t i o n  ( 4 - 1 )  c a n  be  n e g l e c t e d  
f o r  a l l  f l u i d  l a y e r s  s i n c e  v e l o c i t y  s h e a r  b e t w e e n  f l u i d  l a y e r *  i s  s m a l l .  
An e x p r e s s i o n  f o r  P a , a p p l i c a b l e  t o  t ho  b o t t o m  l a y e r .  I s  d e r i v e d  i n  t he  
f o l l o w i n g  s e c t i o n .
I n  a t w o - d i m e n s i o n a l  u n i f o r m  open c h a n n e l  f low,  t h e  b o t t o m  s h e a r  
s t r e s s  c a n  be  d e f i n e d  a* f o l l o w s  ( H e n d e r s o n ,  1966,  F i s c h e r  e t ,  a l . .
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U# ■ f r i c t i o n  v e l o c i t y  
l -  i s  p o s i t i v e  v e r t i c a l l y  upwa r d  
c t -  an e m p i r i c a l  c o n s t a n t
P r om e q u a t i o n  ( 2 ~ 2 9 b l , e n e r g y  p r o d u c t i o n  f o r  4 u n i f o r m  o p e n  c h a n n e l  f l o w
i s  d e f i n e d  a s
P ,  -  H <  5 i  • ’  < « - »
s u b s t i t u t i n g  e q u a t i o n  ( 4 - 2 )  i n t o  ( 4 - 3 )  r e s u l t s  t n :
1 dU 1 U
P * -  W H  «  c a V 5  <4 - 4 )
Pr om e q u a t i o n  ( 4 - 2 )  f r i c t i o n  v e l o c i t y  c a n  be  r e l a t e d  t o  t h e  l o c a l  
v e l o c i t y  a s  f o l l o w s
U - --- — ----- , l \  ( 4 - 5 )
( C l ) '
The c o n s t a n t  a p p e a r i n g  i n  e q u a t i o n s  ( 4 - 4 )  and  ( 4 - 5 )  w i l l  be  
d e t e r m i n e d  l a t e r  i n  t h i s  s e c t i o n *  S u b s t i t u t i n g  f o r  U, a s  d e f i n e d  I n  ( 4 -
5 ) ,  i n t o  e q u a t i o n  ( 4 - 5 ) ,  t b e  e n e r g y  p r o d u c t i o n  t e r m  Pa b e c o m e s
i
u .
P ,  -  P = Ck -n-  14 - 6 )
i n  w h i c h
(1 “  t o t a l  d e p t h
c  =. — 
k
S i n c e  t  i s  t b e  r a t e  a t  w h i c h  k i s  b e i n g  d i s s i p a t e d ,  i t  can he
w r i t t e n  e s
**.
C ~  T
w h e r e
T * i s  t h e  t i n e  s c a l e  o f  e n e r g y  d i a s i p a t i o n  a p p r o x i m a t e d  by
T s  -  ( 4 - 7 )*=■ U
T h e r e f o r e ,  t h e  p r o d u c t i o n  t e r m ,  P,  i n  t h e  e e q u a t i o n  b e c o m e s
i n  wh i c h
C “  an e m p i r i c a l  c o n s t a n t ,  a l s o  t o  be d e t e r m i n e d  in t h e  f o l l o w i n g  (■
soc t  ion*
Assuming t h a t  a s t a t e  o f  l o c a l  e q u i l i b r i u m  e x i s t s  n e a r  t h e  w a l l
r e g i o n ,  f o r  homogeneous  f low e q u a t i o n !  ( 3 - 1 4 )  a nd  ( 3 - 1 5 )  r e d u c e  t o  
»
u .
c k T f  “  e ” 0 i  (4_91
u*C — -  C, * -  w 0* ( 4 - 1 0 )r I I t
e rt
F u r t h e r m o r e ,  e ,  t h e  r a t e  o f  e n e r g y  d i s s i p a t i o n ,  and U+, t h e  
f r i c t i o n  v e l o c i t y ,  a r e  r e l a t e d  t o  e n e r g y  i l o p o ,  S , v i a
c s  i  tr ( 4- 11)o
u4-  ( S #g H ) ' *  ( 4 - 1 2 )
S u b s t i t u t i n g  e q u a t i o n  ( 4 - 1 1 )  and ( 4 - 1 2 )  i n t o  ( 4 - 9 )  and ( 4 - 1 0 )  i t  c a n  be 
shown t h a t
C ■ I / ( C J *1 ( 4 - 1 3 )It f
and
i
c i  C*
C----=* 3 . 6 ------------------------------------------------------------------------------------------------------------- ( 4 - 1 4 )
e ( C f >-
T f
I
c  -  ( 4 - 1 4 * )
f  r r  1
whe r e
n = M a n n i n g ' s  c o e f f i c i e n t
wh i c h  a r e  t h e  v a l u e s  n e e d e d  t o  e v a l u a t e  e n e r g y  p r o d u c t i o n  t e r n s  i n  
e q u a t i o n s  ( 4 - 6 )  and ( 4 - 8 ) .
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A-2 Mb t  tiod B
l a  t h i s  a p p r o a c h  p r o d u c t i o n  t e r n s  i r o  I n t e g r a t e d  n u m e r i c a l l y  i n  a l l  
b u t  t h e  l a s t  l a y e r  n e a r  t h e  c h a n n e l  b e d .  As f o r  t he  o a t  t o n  l a y e r ,  v e r y  
n e a r  t h e  w i l l ,  a c o n s t a n t  b o u n d a r y  c o n d i t i o n  i t  empl oyed  f o r  b o t h  t he  
e n e r g y  e q u a t i o n  and i t s  d i s s i p a t i o n  r i t e ,  Tn t he  a b s e n c e  o f  buoyancy  
f o r c e s  a nd  whe r e  c o n d i t i o n s  f o r  l o c a l  e q u i l i b r i u m  p r e v a i l ,  s he a r
p r o d u c t i o n  i s  i n  b a l a n c e  w i t h  v i s c o u s  d i s s i p a t i o n .  T h i s ,  t o g e t h e r  w i t h
t he  u n i v e r s a l  l aw o f  t h e  w a l l  w i l l  r e s u l t  i n  t h e  f o l l o w i n g  b o u n d a r y  
c o n d i t i o n s  ( Uo d i ,  1985)
t  -  U* i  C *  ( 4 - 1 5 )* ^
c •= U# /  k ' y  ( 4 - 1 6 )
i n  w h i c h
C = c o n s t a n t
h
t ’ -  Von Karmen c o n s t a n t  ( t a k e n  a s  0 , 4 0  )
y  = d i s t a n c e  f rom s o l i d  b o u n d a r y
At t h i s  p o i n t  i t  i s  i m p o r t a n t  t o  e m p h a s l i e  t h a t  b o t h  a p p r o a c h e s  a r e
on l y  a n  a p p r o x i m a t i o n  t o  an  e x a c t  t e r m .  I n  o r d e r  t o  a s s u r e  t h a t  t h e s e
a p p r o x i m a t i o n s  a nd  model  a s s u m p t i o n s  i n t r o d u c e d  t o  v a r i o u i  t e r n s  i n  t h e  
o r i g i n a l  e q u a t i o n s  a r e  v a l i d , '  one s h o u l d  compare  r e s u l t s  o b t a i n e d  by the  
n u m e r i c a l  scheme s e l e c t e d  w i t h  a known a n a l y t i c a l  s o l u t i o n .  I n  a l l  t h e  
f o l l o w i n g  t e s t s  a c h a n n e l  o f  c o n s t a n t  r e c t a n g u l a r  c r o s s - s e c t i o n a l ,  w i t h  
a l a r g e  w i d t h  t o  d e p t h  r a t i o ,  i s  u s e d  u n l e s s  s t a t e d  o t h e r w i i e ,  I n  a l l  
t e s t  r u n s ,  t ime  a nd  d i s t a n c e  s t e p s .  At and Ax, a r e  f i x e d  e t  207 s e c o n d s  
sod  4000  m e t e r s  r e s p e c t i v e l y .  L a y e r  t h i c k n e s s .  Ax,  i s  c h o s e n  t o  be  2 
m e t e r s .  R e s u l t s  o b t a i n e d  by  m e t h o d s  A a nd  B a r e  p r e s e n t e d  i n  t h e  
f o l l o w i n g  s e c t i o n .
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B. Modal v e r i f l e a t  1m l  la i t f i d j  nonbuoyeat c h i u e l  H o t
K n i g h t  t a d  Ri dge wa y  [1976} have d i s c u s s e d  t h e  a n a l y t i c a l  s o l u t i o n s  
i n  a f r i c t l o n l e s *  homogeneous  open c h a n n e l  f low whe n  t i d a l  f o r c e *  a r e  
i n c l u d e d .  They showed t h a t  t h e r e  e x i s t s  a phase  l a g  b e t w e e n  s u r f a c e  a n d  
b o t t o m  v e l o c i t i e s  when f r i c t i o n a l  f o r c e *  a re  p r e s e n t .  They  a l s o  showed 
t h a t  by d e c r e a s i n g  f r i c t i o n a l  f o r c e s  t h e  a n a l y t i c a l  s o l u t i o n  l e a d s  t o  a 
s y mm e t r i c  t i d a l  wave  ( e . g .  p h a s e  l ag  i s  z e r o ) .  R e s u l t s  o b t a i n e d  by 
method A a r e  p r e s e n t e d  in F i g u r e  4 . 1  w h i l e  f i g u r e  4 . 2  p r e s e n t s  r e s u l t s  
o b t a i n e d  b y  met hod  B.  I t  s h o u l d  be n o t e d  t h a t  a  s m a l l  M a n n i n g ’ * 
c o e f f i c i e n t  ( 0 , 0001) i s  e mp l oye d  t o  s i m u l a t e  t h e  f r i c t i o n l e s s  c a s e  r u n s .  
From t h e s e  p l o t s  i t  i s  q u i t e  e v i d e n t  t h a t  t h e r e  i s  no p h a s e  l a g  b e t w e e n  
t o p  and b o t t o m  v e l o c i t i e s  w h i c h  i t  i n  a g r e e m e n t  w i t h  t h e  a n a l y t i c a l  
s o l u t i o n .  I n  a d d i t i o n ,  one may c o n c l u d e  t h a t  t h e  two a p p r o a c h e s  
empl oyed  h e r e i n  a r e  r e a s o n a b l e  and v a l i d  a p p r o x i m a t i o n s .
I f  s i g n i f i c a n t  f r i c t i o n a l  f o r c e *  a r e  i n t r o d u c e d  t o  s u c h  a c h a n n e l ,  
t h e  a n a l y t i c a l  s o l u t i o n  l e a d *  t o  a n o n - z e r o  p h a s e  d i f f e r e n c e  b e t w e e n  
s u r f a c e  and  b o t t o m  v e l o c i t i e s .  Model r e s u l t s ,  o b t a i n e d  b y  m e t h o d s  A and  
3 ,  f o r  o p e n  c h a n n e l  f low w i t h  f r i c t i o n  and t i d e  i n c l u d e d  a r e  shown i n  
f i g u r e  4 , 3  and 4 . 4 .  I n  t h e s e  f i g u r e s  t h e  a a x i s  p r e s e n t s  t ime  f o r  one  
t i d a l  c y c l e  and t b e  y a x i s  p r e s e n t s  d e p t h  of  c h a n n e l .  V e r t i c a l  l i n e s  in 
f i g u r e  4 . 3  and 4 , 4  a r e  l i n e s  o f  e q u a l  v e l o c i t i e s  ( i s o t a c h s ) .  From t h e s e  
f i g u r e *  i t  i* c l e a r  t h a t  b o t t o m  v e l o c i t y  r e a c h e s  s l a c k  b e f o r e  f l o o d  o r  
ebb  b e f o r e  s u r f a c e  v e l o c i t y  ( i s o t i c h  = 0 , 0 )  when e m p l o y i n g  m e t h o d  A. 
F i g u r e  4 . 4 ,  me t hod  B, does  n o t  show a  s i m i l a r  f e a t u r e ,  K n i g h t  and 
Ri dgeway ( 1976)  h a v e  shown t h a t  t be  a n a l y t i c a l  s o l u t i o n  l e a d s  t o  a n o n ­
z e r o  p h a s e  l ag  b e t w e e n  s u r f a c e  and b o t t o m  v e l o c i t i e s  and v e r i f i e d  t h e i r  
c o n c l u s i o n  i n  v a r i o u s  l a b o r a t o r y  e x p e r i m e n t s .
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Assuming  a c o n s t a n t  eddy v i s c o s i t y  w i t h  t i d s l  f o r c e s  i n c l u d e d ,  i t  
i s  p o s s i b l e  t o  o b t a i n  an a n a l y t i c a l  s o l u t i o n  f o r  v e l o c i t y  a s  a f u n c t i o n  
o f  d e p t h .  S i nc e  t h e  a n a l y t i c a l  s o l u t i o n  i s  b a s e d  on a c o n s t a n t  eddy  
v i s c o s i t y  w h i l e  model  r e s u l t *  a r e  o b t a i n e d  by c a l c u l a t i n g  eddy  
v i s c o s i t y ,  t he y  c a n n o t  be c ompa r ed .  On t he  o t h e r  h a n d ,  t b e  v e l o c i t y  
o v e r s h o o t  a t  some d i s t a n c e  f rom t h e  b o u n d a r y ,  o b t a i n e d  by t h e  a n a l y t i c a l  
s o l u t i o n ,  ha s  been  v e r i f i e d  e x p e r i m e n t a l l y  ( N i e l s e n ,  1 9 S 3 ) ,  I f  t h e  
model  a l s o  shows s u c h  a f e a t u r e  t h e n  e v i d e n c e  s u g g e s t s  t h a t  t h e  model  Is  
p e r f o r m i n g  c o r r e c t l y .  I t  s h o u l d  a l s o  be  e mp b a s i ze d  t h a t  i t  i s  t h e  
v e l o c i t y  o v e r s h o o t  t h a t  ha s  t o  be  r e p r o d u c e d  by t h e  model  a nd  n o t  t he  
e x a c t  v e l o c i t y  p r o f i l e  s i n c e  t h e  a n a l y t i c a l  s o l u t i o n ,  a s  s t a t e d  e a r l i e r ,  
i s  b a s e d  on  an i n v a r i a n t  eddy v i s c o s i t y .
F i g u r e  4 . 3  shows model  r e p r o d u c t i o n  o f  t h e  v e l o c i t y  o v e r s h o o t  
o b t a i n e d  by  method A, Model r e s u l t s  o b t a i n e d  by e mp l oy i n g  met hod  B i r e  
p r e s e n t e d  i n  f i g u r e  4 , 6, As c a n  be s e e n  from f i g u r e  4 . 6  t h e  model  f a i l s  
t o  r e p r o d u c e  t he  v e l o c i t y  o v e r s h o o t  by emp l oy i ng  me t h o d  B. I t  becomes 
q u i t e  e v i d e n t  t h a t  t h e  model ,  e m p l o y i n g  method A, h a s  q u e l i t a t i v o l y  
shown i t s  c a p a b i l i t y  t o  r e p r o d u c e  t h e  p h y s i c a l  p r o c e s s e s  o b t a i n e d  by 
a n a l y t i c a l  s o l u t i o n s  and can  be s u p p o r t e d  by e x p e r i m e n t a l  e v i d e n c e .
Again ,  one may f u r t h e r  c o n c l u d e  t h a t  model  a s s u m p t i o n s  u s e d  t o  o b t a i n  
t he  p r e v i o u s  r * s u i t s  a r e  q u i t e  r e a s o n a b l e .  On the  o t h e r  h a n d ,  r e s u l t s  
o b t a i n e d  by  u t i l i z i n g  method D were n o t  a s  s u c c e s s f u l .
Many a u t h o r s  have  c o n c l u d e d  t h a t  i n  a l l  p r a c t i c a l  a p p l i c a t i o n s  eddy 
v i s c o s i t y  c a n n o t  be  i n v a r i a n t  w i t h  t i m e  nor  w i t h  d e p t h  ( Bl u mb e r g ,  1973 1 
E l l i o t t ,  1 9 7 6 ) .  F i g u r e *  4 . 7  a nd  4 . 8  a r e  t h e  I n s t a n t a n e o u s  eddy  
v i s c o s i t y  p r o f i l e s  a t  one l o c a t i o n  a t  d i f f e r e n t  t i m e s  t h r o u g h o u t  a t i d a l  
c y c l e  o b t a i n e d  by method A. I t  i s  e v i d e n t  f rom t h e s e  p l o t s  t h a t  t he
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e d d y  v i s c o s i t y  i s  i n d e e d  a f u n c t i o n  o f  t i n e  end d i s t a n c e  from the b o t t o m  
b o u n d a r y .  One s h o u l d  a l s o  n o t e  t h a t  In o p e n  c h a n n e l  f l o w ,  eddy 
v i s c o s i t y  s h o u l d  a t t a i n  h i g h e r  v a l u e s  n e a r  a s o l i d  b o u n d a r y  ( f i g u r e  
4 , 9 ) ,  T h i s  can  be  e x p l a i n e d  by t h e  f a c t  t h a t  eddy v i s c o s i t y  i s  
d e p e n d e n t  on t h e  ae ioun t  o f  t u r b u l e n t  k i n e t i c  e n e r g y  a v a i l a b l e .  In t h i s  
c a s e ,  t h e  p r i m a r y  s o u r c e  o f  t u r b u l e n t  e n e r g y  i s  n e a r  t h e  bot tom where  
f r i c t i o n  f o r c e s  d o m i n a t e .  On t h e  o t h e r  h a n d ,  emp l oy i ng  method H, f i g u r e  
4 . 1 0 ,  d o e s  n o t  show a s i m i l a r  f e a t u r e  t h a t  would  be e x p e c t e d  to e x i s t .
F i g u r e s  4 . 1 1  a n d  4 , 1 2  p r e s e n t  t u r b u l e n t  k i n e t i c  e n e r g y  pe r  u n i t  
m a s s  o b t a i n e d  by m e t h o d s  4 and  D, r e s p e c t i v e l y .  These  f i g u r e s  t h o v  t h a t  
n e a r  t h e  b o t t o m  t h e  c o n c e n t r a t i o n  o f  e n e r g y  p r o d u c e d  by f r i c t i o n a l  
f o r c e s  i s  h i g h e s t  a n d  d e c r e a s e  w i t h  d i s t a n c e  from t h e  b o t t o m .  The same 
c o n c l u s i o n  c a n  be d r a w n  f o r  e ,  t h e  c o n c e n t r a t i o n  o f  e n e r g y  d i s s i p a t i o n ,  
p r o f i l e s .  The s e  p r o f i l e s  p r o v i d e  a d d i t i o n a l  s u p p o r t  t h a t  t he  model  i s  
p e r f o r m i n g  a c c o r d i n g  t o  t h e o r e t i c a l  e x p e c t a t i o n s ,  Tbe same shape o f  
t h e s e  p r o f i l e s  was  o b t a i n e d  b y ,  A i f r l o k  a nd  R i j n  ( 1 9 8 3 ) .
In  o r d e r  t o  a s s u r e  t h a t  mode l  c a l c u l a t i o n s  a r e  c o r r e c t ,  a 
c o m p a r i s o n  s h o u l d  be  made a g a i n s t  an a n a l y t i c a l  s o l u t i o n  o r  e x p e r i m e n t a l  
m e a s u r e m e n t s .  A c c o r d i n g  t o  F i s c h e r  e t  e l ,  ( 1979)  t h e  v e r t i c a l  mi x i ng  
c o e f f i c i e n t  c a n  be  c a l c u l a t e d  b y  means  o f  v e l o c i t y  p r o f i l e s .  He showed 
t h a t  by a v e r a g i n g  o v e r  t h e  t o t a l  d e p t h ,  one  can c a l c u l a t e  eddy 
v i s c o s i t y ,  f o r  a s t e a d y  ope n  c h a n n e l  f l ow ,  a s  f o l l o w s ;
V  = 0 . 0 6 7  If 14 - 17 )
lie a l s o  c o n c l u d e d  t h a t  s i m i l a r  r e s u l t s  c a n  be found i n  a wide r ange  o f  
f l o w s ,  f o r  e x a mp l e  C t a n a d y  ( 1 9 6 4 ) ,  T a b l e  4 - 1  c o n t a i n s  r e s u l t s  o b t a i n e d  
b y  e m p l o y i n g  t h e  a b o v e  f o r m u l a  t o g e t h e r  w i t h  t he  r e s u l t s  o b t a i n e d  by
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m e t ho d  A mod ft. One s h o u l d  n o t e  t b a t  method A u n d e r p r e d i e t * eddy 
v i s c o s i t y  w h i l e  m e t ho d  D o v e r p r e d i c t s  v a l u e s  o b t a i n e d  by e q u a t i o n  ( 4 - 3 ) .
F o r  a n  ope n  c h a n n e l  f l ow t h e  r a t e  o f  e n e r g y  d i s s i p a t i o n ,  e .  i s  
r e l a t e d  t o  t he  e n e r g y  s l o p e ,  5 . as  s t a t e d  e a r l i e r  by e q u a t i o n  ( 4 - 1 1 ) .G
T a b l e  4 - I I  c o n t a i n s  r e s u l t s  c a l c u l a t e d  by emp l oy i ng  e q u a t i o n  ( 4 - 1 1 )  a s  
w e l l  as  model  r e s u l t s  o b t a i n e d  by e mp l o y i n g  me t h o d s  A and R. R a s t o g i  
a nd  Rod! ( 1 9 7 8 )  a s s ume d  l o c a l  e q u i l i b r i u m  to p r e v a i l  and showed t h a t  
e n e r g y  p r o d u c e d  i n  t h i s  c a s e  can be c a l c u l a t e d  v i a  e q u a t i o n  ( 4 - 1 5 ) .
F o l l o w i n g  R a s t o g i  a nd  Ra d i  ( 1 9 7 8 ) ,  T a b l e  4 -1T c o n t a i n s  v a l u e s  o f  t  
o b t a i n e d  by e q u a t i o n  ( 4 - 1 5 9 .  Al s o  i n c l u d e d  i n  t h i s  t a b l e  a r e  t b e  
r e s u l t s  c a l c u l a t e d  by t b e  model  when e mp l oy i n g  me t hods  A and B, One 
s h o u l d  n o t e  t h a t  model  p r e d i c t i o n s  e mp l o y i n g  met hod  A u n d e r p r e d  i c t  s k 
v a l u e s  o b t a i n e d  v i a  e q u a t i o n  ( 4 - 1 5 ) .  The s e  v a l u e s  a r e  c v e r p r e d i c t e d  i f  
m e t ho d  D i s  e m p l o y e d .
I f  t i d a l  f o r c e s  a r e  i n t r o d u c e d  t o  an ope n  c h a n n e l  f l ow,  one s h o u l d  
e x p e c t  t h a t  e ddy  v i s c o s i t y  would  a t t a i n  h i g h e r  v a l u e s .  T h i s  i n c r e a s e  in 
e d d y  v i s c o s i t y  i s  t h e  r e s u l t  o f  h i g h e r  s h e a r  v e l o c i t i e s  and h e n c e ,  
h i g h e r  p r o d u c t i o n  o f  t u r b u l e n t  k i n e t i c  e n e r g y .  Model r e s u l t s  o b t a i n e d  
by e i t h e r  me t h o d  a l s o  show a s i m i l a r  I n c r e a s e  when t i d a l  f o r c e s  a r e  
i n c l u d e d .
Thus  f a r ,  r e s u l t s  o b t a i n e d  f rom emp l oy i ng  t h e  two me t h o d s  c a n  be 
s u mm a r i s e d ;
Me t hod  A
1-  d u a l i t a t i v e l y ,  t h i s  me t h o d  i s  c a p a b l e  o f  r e p r o d u c i n g  t h e  
p h y s i c a l  p r o c e s s e s  e x i s t i n g  i n  homogeneous  c h a n n e l  f low.
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2 -  Q u a n t i t a t i v e l y ,  t b i i  method u n d e r p r e d i c t i  e ,  eddy v i s c o s i t y  and 
t u r b u l e n t  k i n e t i c  e n e r g y  v a l u e s  o b t a i n e d  by e q u a t i o n s  ( 4 - 1 1 ) ,  
( 4 - 1 7 )  a nd  ( 4 - 1 5 ) .
3 -  T h i s  me t hod  r e p r o d u c e s  the tame eddy v i s c o s i t y  p r o f i l e  a s  t h a t  
o b s e r v e d  i n  l a b o r a t o r y  e i p e r i m e n t s  and p r a c t i c a l  a p p l i c a t i o n s .
Method B
1-  T h i s  m e t ho d  q u a l i t a t i v e l y  shows F a i r  a g r e e m e n t  w i t h  a l l  t e s t s  
done  t h u s  f a r  but  n o t  a t  w e l l  a s  me t hod  A,
2 -  T h i s  me t hod  o v e r p r e d i c t s  v a l u e s  o b t a i n e d  w i t h  e q u a t i o n  ( 4 - 1 7 )  
and ( 4 - 1 5 )  bu t  a g r e e s  w i t h  e n e r g y  d i s s i p a t i o n  v a l u e s  c a l c u l a t e d  
by e q u i t  i on  ( 4 - 11> .
3 -  F i n a l l y ,  t h i s  method d o e s  n o t  r e p r o d u c e  t h e  p r o p e r  p r o f i l e  o f  
eddy v i s c o s i t y  i n  t h e  v e r t i c a l  d i r e c t i o n .
Some d i s c r e p a n c i e s  h a v e  a r i s e n  when model  r e s u l t s  wer e  c ompar ed  
w i t h  a n a l y t i c a l  s o l u t i o n s ,  l fhen e m p l o y i n g  m e t ho d  A, one c o u l d  a d j u s t
t h e  c o n s t a n t  C i n  e q u a t i o n  ( 2 - 3 0 )  t o  0 . 1 0  i n s t e a d  o f  0 , 0 9 .  T h i s  woul d
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l e a d  t o  a v e r y  good  a g r e e m e n t  w i t h  v a l u e s  o b t a i n e d  f rom e q u a t i o n  ( 4 -  17) 
and ( 4 - 1 5 )  as can  be  seen  f rom t a b l e  4—T i l .  C a l c u l a t i o n s  f o r  e n e r g y  
d i s s i p a t i o n  o b t a i n e d  from me t hod  D a r e  i n  a good a g r e e m e n t  w i t h  
a n a l y t i c a l  r e s u l t s ,  bu t  o v e r p r e d i c t i o n s  e i i s t  I n  t he  c a l c u l a t i o n  o f  eddy 
v i s c o s i t y  and t u r b u l e n t  k i n e t i c  e n e r g y .  A d d i t i o n a l l y ,  method D f a i l e d  
t o  r e p r o d u c e  t h e  v e l o c i t y  o v e r s h o o t  n e a r  t he  b o t t o m  b o u n d a r y  a s  
p r e d i c t e d  by t h e  a n a l y t i c a l  s o l u t i o n .  A f t e r  w e i g h t i n g  t h e  s h o r t c o m i n g s  
o f  b o t h  me t ho d s ,  method A was  a d o p t e d  a f t e r  a d j u s t i n g  t h e  v a l u e  o f  t o  
0 ,20 .
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C. Kodtl v e r i f i c a t i o n *  in * continD O m ly s t r a t i f i e d  f low
I d  t h i s  s e c t i o n  an a t t e m p t  i s  made t o  t e s t  t h e  s t a n d a r d  t - e  mo d e l  
i n  i  f t on - hono j r n i i o i i i  f l o w .  T h i s  r e q u i r e s  the i n t r o d u c t i o n  o f  b u o y a n c y  
f o r c e s  i n  t h e  encmentum and t h e  e n e r g y  b a l n c e .  Duoya nc y  e f f e c t s  a r e  
i n c l u d e d  i n  the ’ (1 ’ t e r m  as  d e f i n e d  i n  e q u i t l o n  ( 2 - 2 9 * 1 .
The f i n a l  i n t e g r a t e d  f o r m  o f  t h e  G t erm,  a c c o r d i n g  t o  t h e  Mean 
V a l u e  The o r em,  i s
0 ■ " * K l S top -  Sb o ,  1 '  ( “ t 11 » <4- lRI
The a bove  t e r m .  G, w i l l  become a s i n k  u n d e r  s t a b l e  s t r a t i f i e d
c o n d i t i o n s ,  and t h u s  r e d u c e  t h e  amount  o f  e n e r g y  a v a i l a b l e  f o r  m i x i n g .
S i n c e  buo y a n c y  p r o d u c t i o n  m u s t  be  r e d u c e d ,  t h e n  d i f f u s i v i t y  o f  s a l t .  ,
mus t  a l s o  be r e d u c e d .  I n  u n s t a b l e  s t r a t i f i c a t i o n ,  t h e  t i n e  t e r m w i l t
a c t  as  a s o u r c e ,  a l l o w i n g  e n e r g y  t o  g r ow and f o r c i n g  t h e  w a t e r  c o l u m n  t o
become homogene ous .
G i b s o n  and L a u n d e r  ( 1 9 7 8 )  ha ve  c o n c l u d e d  t h a t  t h e  b u o y a n c y  t e r m
a p p e a r i n g  in  t he  e e q u a t i o n  h a t  l i t t l e  o r  so e f f e c t  on t h e  r a t e  o f
e n e r g y  d i s s i p a t i o n .  Tt s h o u l d  be n o t e d  t h i t  t h e  G t e r m  i n  t h e  e
e q u a t i o n  i s  m u l t i p l i e d  by  a f a c t o r ,  e / k .  \ n  o r d e r  o f  m a g n i t u d e  a n a l y s i s
shows t h a t ,  under  v e r y  h i g h l y  s t r a t i f i e d  c o n d i t i o n s ,  t h i s  f a c t o r  i s
i n d e e d  v e r y  s m a l l .  I n  t u r n ,  t h i i  r a t i o ,  e f t .  w i l l  f o r c e  t h e  b u o y a n c y
t e r m t o  become much s m a l l e r  t h a n  a l l  o t h e r  t e r m s  i n  t h e  a e q u a t i o n ,
Tn model  c a l c u l a t i o n s  e m p l o y i n g  e i t h e r  m e t h o d  K o r  B, t b e  p r i m a r y
s o u r c e  o f  t u r b u l e n t  k i n e t i c  e n e r g y  o r  I t s  d i s s i p a t i o n  i t  l o c a t e d  n e a r
t h e  b o t t o m .  T u r b u l e n t  k i n e t i c  e n e r g y  i s  t r a n s p o r t e d  t o  u p p e r  l a y e r s  by
d i f f u s i o n  p r o c e s s e s .  I f  t h e  n u m e r i c a l  scheme d o e s  n o t  a l l o w  t be
d i f f u s i v i t y  o f  s a l t  t o  be r e d u c e d ,  due  t o  t be  s t a b l e  s t r a t i f i c a t i o n ,
t h e n  t h e  buoyancy  t e r m  w i l l  d o m i n a t e .  C o n v e r s e l y ,  t h e  b u o y a n c y  t e r n
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a p p e a r s  a s  ■ s i n k  i n  a l l  l a y e r s .  I t  i s  a p p a r e n t  t h a t  t he  r a t e  o f  e n e r g y  
d i f f u s i o n  frotn t h e  b o t t o m  i s  n o t  t h e  same o r d e r  o f  m a g n i t u d e  a s  t h e  
b u o y a n c y  t e r m a s  w i l l  be s e e n  In  t he  f o l l o w i n g  s e c t i o n .  I n  t h i s  c a s e ,  
t be  d i f f u s e d  e n e r g y ,  k ,  w i l l  become much s m a l l e r  t h a n  t h e  b u o y a n c y  t e r m .  
T h i s  w i l l  r e s u l t  i n  a n e g a t i v e  t u r b u l e n t  k i n e t i c  e n e r g y  c o n c e n t r a t i o n  
wh i c h  i s  i m p o s s i b l e ,  p h y s i c a l l y  i n c o r r e c t  and h e n c e ,  a q u a n t i t a t i v e  
c a l c u l a t i o n  can  n o t  be  made .  f n  o r d e r  t o  show t h a t  t h e  b u o y a n c y  t e r m  i s  
p r e d o m i n a n t  i t  i s  n e c e s s a r y  a t  t h i s  p o i n t  t o  e s t i m a t e  t h e  o r d e r  o f  
m a g n i t u d e  o f  e a c h  t e r m  a p p e a r i n g  in t he  k e q u a t i o n  ( 3 - 1 4 ) .  I n  a r r i v i n g  
a t  s u c h  a n  e s t i m a t e  t h e  f o l l o w i n g  model  p a r a m e t e r s  we r e  u s e d  a s  w e l l  a s  
cqua t  i on ( 4 - 1 J )  .
Ai  -  2 0 0  cm
i i
k = 0 . 0 2 2  cm /  s e c
AS -  S. -  S.  “ 1 p p tb o t  t o p
AO * U -  0. » 2 eta /  s e et o p  b o t
- • i  i
e » 1 i  10 cm / s e c  
Vt  -  10 cm f  s ec
I f  h o r i z o n t a l  t r a n s p o r t  o f  k i s  n e g l e c t e d ,  t h e n  e q u a t i o n  ( 3 - 1 4 )  c a n  be 
w r i t t e n  a s  f o l l o w s
ii . i. ,H- ii , , i>( iS j |!L . p g ii i‘- - , u-t»>
3 t  3* 3z  t  3z  <1* (?t  3z
s u b s t i t u t i n g  t h e  a b o v e  model  p a r a m e t e r s  r e s u l t s  i n  t h e  f o l l o w i n g
e i t  i ma t e  s
_# — * - i  -*
l= -  -  6 x 1 0  + 1x10 -  3x10 -  2x10
Q t
Tt i s  q u i t e  e v i d e n t  f rom t h e  above  e s t i m a t e s  t h a t  t h e  b u o y a n c y  t er ra  
i s  a n  o r d e r  o f  m a g n i t u d e  l a r g e r  t h a n  t h e  p r o d u c t i o n  and d i f f u s i o n  t e r n s  
c o mb i n e d .  T h i s ,  a s  s t a t e d  e a r l i e r ,  r e s u l t s  i n  n e g a t i v e  e n e r g y  and h e n c e
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no model  r u n  c m  bo made.  A n o t h e r  a l t e r n a t i v e  I s  t o  c ha nge  t he  v a l u e  of  
cr^ i n  o r d e r  t o  i n c r e a s e  t he  r a t e  o f  e n e r g y  d i f f u s i o n .  T h i s  would r e s u l t  
i n  an  i n c o r r e c t  e n e r g y  p r o f i l e ,  end d i d  no t  s o l v e  t h e  p r o b l e m.
In e q u a t i o n  4 - 1 9  when t  g o e s  t o  z e r o ,  t h e n  e l l  t e r ms  and t he  eddy  
v i s c o s i t y  a l s o  go t o  z e r o .  T h e o r e t i c a l l y  e q u a t i o n  4 - 1 9  a s  w r i t t e n  can 
no t  g e n e r a t e  e k l e s t  t h e n  z e r o .  On t h e  o t h e r  h a n d ,  t h e  n u m e r i c a l  
scheme empl oyed  w i t h  a f i n i t e  v a l u e  o f  k can o b t a i n  a n e g a t i v e  k v a l u e  
and  t h e  buo y a n c y  t e r m d o m i n a t e s .  In o r d e r  t o  s o l v e  t h i s  p r o b l e m,  t h e  
n u m e r i c a l  scheme s h o u l d  c a l c u l a t e  eddy v i s c o s i t y  a t  t he  new t ime s t e p  
r a t h e r  t h a n  t he  p r e v i o u s  t i me  s t e p .  The n u m e r i c a l  scheme employed 
h e r e i n  d oe s  no t  a l l o w  f o r  t h i s ,  and h e n c e  a n e g a t i v e  k v a l u e  i s  r e a c h e d .  
A d d i t i o n a l l y ,  a l t h o u g h  t h e  n u m e r i c a l  scheme s o l v e s  t h e  k e q u a t i o n  
i m p l i c i t l y  i n  t he  v e r t i c a l  d i r e c t i o n ,  t h e  s o u r c e  and t he  s i n k  t e r m s ,  
e . g .  p r o d u c t i o n  by s h e a r  s t r e s s  and d e s t r u c t i o n  by b u o y a n c y ,  a r e  s o l v e d  
e x p l i c i t l y .  T h i s  t ime  c o n s t r a i n t  i s  s t r i n g e n t  and a l i o  h a r d  t o  a s s e s s .  
The t i me  s t e p  u s e d  w i t h  t b e  n u m e r i c a l  scheme was  l e s s  t h a n  100 s e c o n d s .
The k - e  model  was o r i g i n a l l y  i n t e n d e d  to  be u s e d  t o  s i m u l a t e  
g r a v i t a t i o n a l  c i r c u l a t i o n  i n  t h e  James  R i v e r  E s t u a r y .  The p r i m a r y  
r e a s o n  f o r  s e l e c t i n g  t h i s  s t u d y  s i t e  i s  t he  a v a i l a b i l i t y  o f  d a t a  f o r  
t h i s  r i v e r .  From t h i s  d a t a  b a s e ,  one can  e s t i m a t e  t h e  o r d e r  o f  
m a g n i t u d e  f o r  e a c h  t e r m a p p e a r i n g  in  e q u a t i o n  ( 3 ~ 1 4 ) .
The a v e r a g e  d e p t h  o f  t h e  J a n e s  R i v e r  E s t u a r y  i s  a b o u t  10 m e t e r s .
T y p i c a l  t o p  to  b o t t o m  s a l i n i t y  d i f f e r e n c e  i s  a b o u t  4 p p t .  From t i d e -
t a b l e i  t h e  a v e r a g e  t i d a l  v e l o c i t y  was found t o  be  50 c m / s e c ,  P r i t c h a r d
( 1 9 d 0 )  h a s  f ound t h a t  e ddy  v i s c o s i t y  i n  t he  J a me s  R i v e r  E s t u a r y  r a n g e s  
i s
f rom 1 t o  10 cm / s e c .  A 10 cm / s e c  v a l u e  i s  u s e d ,  P r i t c h a r d  ( I 9 6 0 )  
a l s o  showed t h a t ,  t he  v e r t i c a l  v e l o c i t y  g r a d i e n t  can  be  r e p r e s e n t e d  as
0 . 7  IVTT, S u b s t i t u t i n g  the p r o c e e d i n g  v i l u e i  i n t o  e q u a t i o n  0 - 1 4 )  w i l l  
r e s u l t  i n  the f o l l o w i n g  e s t i m a t e s ,
_ i  _ i  _ t
- -  -  2 i l t )  + 1 , 2 i l O  -  3x10 -  flxlDU t
One should  n o t e  t h a t  i f  a n  i n t e r i o r  l a y e r  i s  c o n s i d e r e d  t h e n  t h e  
p r o d u c t i o n  t erm i s  one or  two o r d e r s  o f  m a g n i t u d e  s m a l l e r  t ha n  t h e  a bove  
e s t i m a t e .  In o r d e r  t o  r e c t i f y  t h i s  p r o b l e m  s e v e r a l  a p p r o a c h e s  ha ve  b e e n  
t a k e n  a s  d e s c r i b e d .
Fo r  a s t r a t i f i e d  f low,  momentum and m a s s  f l u x e s  a r e  much s m a l l e r  
t h a n  t h e i r  c o u n t e r p a r t s  in homogeneous  f l o w .  Th i s  i s  a w e l l  known f a c t  
and h a s  b e e n  o b s e r v e d  In  many e s t u a r i e s  ( F i s h e r  e t  i l .  , 1 9 7 9 ) .  S i n c e  no 
model  r u n  can be made as  p r o p o s e d ,  one s h o u l d  s e a r c h  f o r  a d i f f e r e n t  
s o l u t i o n .  The a p p r o a c h  empl oyed  by Cerco  (19&2) and Kuo e t  a l ,  (197R> 
t o  r ed u c e  t u r b u l e n t  f l u x e s  f rom homogeneous  t o  n o n - homoge ne ous  f l o w  i n  
t h e  m i x i n g  l e n g t h  h y p o t h e s i s  i s  a d o p t e d  h e r e .  lu t h i s  a p p r o a c h ,  a 
f u n c t i o n a l  form o f  t h e  R i c h a r d s o n  number  c a n  be e m p l o y e d .  T h i s  
f u n c t i o n a l  form h a s  be e n  d e r i v e d  in such a way t h a t  whe n  no 
s t r a t i f i c a t i o n  e x i s t s  the o r i g i n a l  form I s  o b t a i n e d .  Fo r  e x a m p l e ,  one  
can  a d o p t  t he  f o l l o w i n g  :
( 4-2  0 )
i n  wh i c h
eddy v i s c o s i t y  in homogeneous  f l ow
( 4 - Z 0 a )
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Tn t h i s  c * s c i  one s h o u l d  r c g l f l c t  t he  b u o y a n c y  in  t h e  k e q u a t i o n  f o r  
r e a s o n s  s t a t e d  e a r l i e r ,  Tn a d d i t i o n ,  eddy  d i f f u s i v i t y  can  be r e d u c e d  by 
a s i m i l a r  f u n c t i o n
r  -  v  , < i  + t o  ( 4- 2D
I n  o r d e r  t o  make t he  s t a n d a r d  k - e  model  w o r t  t he  s o l u t i o n  l i e s  
w i t h i n  two key p o i n t s .  F i r s t ,  f rom ft r e v i e w  o f  l i t e r a t u r e ,  i t  i s  
e v i d e n t  t h a t  t he  S c h m i d t / P r a n d 11 number  r o r  R e y n o l d s  a n a l o g y ,  s t i l l  
r a i s e s  a b i g  c o n t r o v e r s y  o v e r  i t s  c o r r e c t  v a l u e .  T h i s  number  n o r m a l l y  
f a l l s  be t we en  0 , 5  t o  5,  a c o n s i d e r a b l e  r a n g e .  To overcome t h i s  p r ob l e m,  
one c o u l d  e i t h e r  s o l v e  an e x t r a  e q u a t i o n  to  a c c o u n t  f o r  t u r b u l e n t  f l u x e s  
o r  empioy a c o n s t a n t  v a l u e  w h i c h  b e s t  f i t s  t he  d a t a ,  An o t h e r  a p p r o a c h  
i s  t o  adopt  a f u n c t i o n a l  form t h a t  r e d u c e *  t u r b u l e n t  f l u x e s  and hence  
a c c o u n t s  f o r  s t r a t i f i c a t i o n  a f f e c t s .  S e c o n d l y ,  t h e  p r o p o s e d  c o n s t a n t  
a p p e a r i n g  i n  e q u a t i o n  ( 2 - 3 0 )  c o u l d  be  c h a n g e d  t o  a f u n c t i o n  s i m i l a r  t o  
e q u a t i o n  ( 4 - 2 1 ) .  In b r i e f ,  t he  two f u n c t i o n *  c o u l d  be t h o u g h t  o f  a s  
f o 11 ow s
C = C /  ( I + a R. ) b ( 4 - 22 )
H fig 1
a  = t f * x ( 1 + e H, )** (4-i23)t  i
i n  which
C “ v a l u e  f o r  n e u t r a l l y  b u o y a n t  f l ow* .
tf = v a l u e  f o r  n e u t r a l l y  b u o y a n t  f l ow* ,
Tn e q u a t i o n s  (4-221 a nd  ( 4 - 2 3 ) ,  a ,  b,  c a nd  d a r e  c o n s t a n t s  which 
c a n  on l y  bo d e t e r m i n e d  by t r i a l  and e r r o r ,  t he  c o m b i n a t i o n s  f o r  a 
s o l u t i o n  c o u l d  be l i m i t l e s s .  R e s u l t s  u s i n g  t h e  above  s e t  o f  e q u a t i o n s  
were  u n s a t i s f a c t o r y  b e c a u s e  eddy v i s c o s i t y  wer e  v e r y  h i g h  and r e s u l t e d  
i n  a homogenous w a t e r  co l umn
SOBDIIT
The k - e  model  c m  be a p p l i e d  t o  a nonbuoya n t  channel  f low i f  an 
a d j u s t m e n t  Is m a d '  t o  t h e  c o n s t a n t  C i n  e q u a t i o n  ( 2 - 30) .  I t  i s  t h e n  
t h a t  mode l  r e s u l t s  c a n  he l e g i t I m a t e l y  compared w i t h  those o b t a i n e d  
e x p e r i m e n t a l l y  o r  b y  a n a l y t i c a l  s o l u t i o n s .
At t h i s  s t a g e ,  a b r i e f  d e s c r i p t i o n  o f  tome o f  the t r i a l s  t h a t  have 
b e e n  made in an a t t e m p t  t o  r e a l i s t i c a l l y  a p p l y  t h e  k-e  n o d e l  f o r  
s t r a t i f i e d  flow c o n d i t i o n  i s  i n  o r d e r :
1 -  N e g l e c t  G I n  t he  k e q u a t i o n  and a p p l y  e q u a t i o n  14-20)  and ( 4 -  
2 1 ) ,
2 -  I n c l u d e  G a nd  employ e q u a t i o n s  (4 -22)  and ( 4 -23) .
3 -  Depea t  s t e p s  1 and 2 w i t h  an d e pe nde nc y  i n s t e a d  o f  Hi .
4 -  Employ a c o n s t a n t  w i t h  a somewhat  l a r g e r  value t h a n  was 
s u g g e s t e d  by R e y n o l d s ,
5 -  Add a p r o d u c t i o n  t e r m  t o  e a c h  l a y e r ,  v a r y i n g  wi d t h ,  and 
i n c l u d i n g  G.
A l l  o f  t h e  a b o v e  a t t e m p t s  t o  a c c o u n t  f o r  s t r a t i f i c a t i o n  e f f e c t s  by 
t h e  s t a n d a r d  k - e  mode l  a r e  t h e  r e s u l t  o f  t h i s  e x t e n s i v e  and l e n g t h y
s t u d y .  None o f  t h e  above  a t t e m p t s  r e s u l t e d  in a s u c c e s s f u l  s i m u l a t i o n
o f  a s t a b l y  s t r a t i f i e d  f 1 ow.
I t  s h o u l d  a l s o  be s t a t e d  t h a t  t h e  main r e a s o n  for  t he  f a i l u r e  o f  
t h e  s t a n d a r d  k~e mode l  i s  due to t h e  buoyancy  t e r m.  I f  h o r i z o n t a l
t r a n s p o r t  o f  e n e r g y  i s  n e g l e c t e d  t h e n  the  k e q u a t i o n  can be w r i t t e n  as
f o  11 o ws
6 1
For  s t a b l e  s t r a t i f i c a t i o n  a p p r o a c h e s  t h e  c r i t i c a l  v a l u e  and 
h e n c e ,  r e d u c e s  t h e  b u o y a n c y  t e r n .  I n  t h e  s t a n d a r d  model  t h e  p r o d u c t i o n  
t e r m s  become s m a l l  a s  a p p r o a c h e s  1 . The s t a n d a r d  model  i n c o r p o r a t e s  
no c r i t i c a l  b u t  d o e s  a l l o w  k to d e c r e a s e  as  It ^ i n c r e a s e s  w h i c h  may 
l e a d  t o  n u m e r i c a l  i n s t a b i l i t y  in t he  c a l c u l a t i o n ,  ’/ ha t  i s  more  
d e s i r a b l e  i s  f o r  e d d y  v i s c o s i t y  to a p p r o a c h  z e r o  a s  Rf g o e s  t o  R fc ■ 
w h i c h  l e a d s  t o  a r e a l i s t i c  i n c o r p o r a t i o n  o f  t he  e f f e c t s  o f  
s t r a t i f i c a t i o n  a nd  would  a l s o  s t a b i l i z e  t he  n u m e r i c a l  scheme s i n c e  t h e  
b u o y a n c y  p r o d u c t i o n  woul d  n e v e r  be g r e a t e r  in a b s o l u t e  m a g n i t u d e  t h a n  
t h e  s h e a r  p r o d u c t i o n  f o r  R^<1,  Howe ver ,  t he r e  i s  a g e n e r a l  a g r e e m e n t  
t h a t  t h e  c r i t i c a l  R^ i s  s i g n i f i c a n t l y  l e s s  t han  1 w i t h  v a l u e s  I n  t h e  
r a n g e  1/6 t o  1 / 4  b e i n g  r e p o r t e d .  The k—e model  d o e s  n o t  a c c o u n t  f o r  t h e  
r e d u c t i o n  i n  m i x i n g  a t  t h e s e  Lower v a l u e s  of  E ^ ' s .  T h e r e f o r e ,  t h e  
b u o y a n c y  t e r m  r e m a i n  u n a f f e c t e d  and h e n c e ,  d o m i n a t e *  the  k e q u a t i o n .
A f t e r  e m p l o y i n g  e v e r y  l o g i c a l  a p p r o a c h ,  i t  i s  t h e  a u t h o r ’ s o p i n i o n  
t h a t  t h e  s t a n d a r d  k - e  m o d e l ,  a s  p r o p o s e d  by R o d i  ( 1 9 8 0 a ) ,  c a n  n o t  be 
a p p l i e d  t o  a  s t r a t i f i e d  f l o w  c o n d i t i o n  i n  which b u o y a n c y  ba a  a 
p r o n o u n c e d  e f f e c t .  The same c o n c l u s i o n  h a s  a l s o  b e e n  r e a c h e d  by Rodl  
( 1 9 8 7 )  .
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F i g u r e  4,1  : V e l o c i t y  c o n t o u r s  i n  an open c h a n n e l ;  f r i c t i o n
f o r c e s  a r e  no t  i n c l u d e d  method A
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F i g u r e  ^ . 2  : V e l o c i t y  c o n t o u r s  i n  an open c h a n n e l ;  f r i c t i o n
f o r c e s  a r e  no t  i n c l u d e d  t i e thod  B
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F i g u r e  4.3 : V e l o c i t y  con t ou r s  i n  an open c h a n n e l :  f r i c t i o n
f o r c e s  a r e  inc luded  method A
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F i g u r e  4.5  : V e l o c i t y  ove r shoo t  n e a r  a rough  bo t t om method A
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j : V e l o c i t y  o v e r s h o o t  n e a t  a rough bo t t om method B
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Fi g u r e  4, I n s t a n t a n e o u s  eddy  v i s c o s i t y  p r o f i l e s  s t  
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F i g u r e  4 . 8  : I n s t a n t a n e o u s  e ddy  v i s c o s i t y  p r o f i l e s  a t
d i f f e r e n t  t i m e s  w i t h i n  one  t i d a l  c y c l e  a t  a 
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F i g u r e  4. : T i d a l - a v e r a g e d  eddy v i s c o s i t y
d i f f e r e n t  l o c a t i o n s  a l o n g  t h e
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F i g u r e  4 , 1 0  : T i d a l - a v e r a g e d  eddy v i a c o d i t y  p r o f i l e s  a t
d i f f e r e n t  l o c a t i o n s  a l o n g  t h e  c h an n e l  method B
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F i g u r e  i . 1 2  : T i d a l - a v e r a g e d  e n e r gy  c o n c e n t r a t i o n  p r o f i l e s  a t
d i f f e r e n t  l o c a t i o n s  a l o n g  t h e  channe l  ciethod B
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CHAPTER V.
VERIFICATIONS AND APPLICATIONS 
OF THE LEVEL TVO MODEL
S i n c e  c h a p t e r  4 i s  d e v o t e d  t o  t h e  k - e  m o d e l ,  t h i s  c h a p t e r  i t  
e x c l u s i v e l y  o r i e n t e d  t o w a r d s  t he  v e r i f i c a t i o n  o f  t he  l e v e l  two mode l .
I n  o r d e r  t o  make a p r o p e r  c c r a p e r i r o n  b e t w e e n  t h e  two c l o t u r e  scheme* 
s e l e c t e d  f o r  t h i s  s t u d y ,  t h e  l e v e l  two model  wax s u b j e c t e d  t o  a l l  t e a t s  
t h a t  h i v e  b e e n  p r e v i o u s l y  a p p l i e d  t o  t he  s t a n d a r d  k - e  m o d e l .  Fo r  
e x a mp l e ,  i n  s e c t i o n  A, model  r e s u l t s  e m p l o y i n g  l e v e l  two a* a c l o s u r e  
scheme a r e  t e s t e d  a g a i n s t  t he  a n a l y t i c a l  s o l u t i o n  and e x p e r i m e n t a l  
r e s u l t s  o b t a i n e d  by Kn i gh t  and i dgeway  ( 1 9 7 6 ) .  The a p p l i c a b i l i t y  o f  
t h e  l e v e l  two model  t o  a nonbuoya n t  open c h a n n e l  f low,  i s  d i s c u s s e d  end 
c ompa r ed  w i t h  e x p e r i m e n t a l  r e s u l t s  i n  s e c t i o n  B.  The f i n a l  s e c t i o n ,  C, 
i s  d e v o t e d  t o  c o mp a r i n g  l e v e l  two model  r e s u l t s  w i t h  l a b o r a t o r y  
expc r i m e n t  s ,
A, Modal v e r i f i c a t i o n *  In * nonbuoyant channal flow
K n i g h t  and Ri dgeway ( 1976)  ha ve  shown t h a t  t h e r e  e x i s t s  no phase  
l a g  b e t w e e n  m r f a c e  and b o t t o m  v e l o c i t i e s  i n  a t w o - d i m e n s i o n a l  
f r i c t i o n l e s s  homogeneous  open c h a n n e l  f l ow.  The m a t h e m a t i c a l  model  
e mp l oy i n g  t h e  l e v e l  two model  a t  a c l o t u r e  scheme h a t  b e e n  empl oyed  to 
s i m u l a t e  s u c h  c o n d i t i o n s .  P a r a m e t e r s  used  i n  t h i s  r u n  a r e  i d e n t i c a l  t o  
p a r a m e t e r s  empl oyed  i n  t h e  k - e  model  i n  t h e  p r e v i o u s  c h a p t e r .  I t  s h o u l d
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be emphas i zed  t h a t  a smal l  M a n n i n g ' s  c o e f f i c i e n t ,  a i  s t a t e d  in c h a p t e r  
4 ,  i s  employed t o  s i m u l a t e  t h e  f r i c t i o n l  e a a  c a s e  r u n s .  Model r e s u l t s  
f o r  t h i s  run a re  shown in f i g u r e  5 . 1 ,  I n  t h i s  f i g u r e  t h e  x a x i s  
p r e s e n t s  t ime f o r  one t i d a l  c y c l e  and t h e  y a x i s  p r e s e n t s  c h a n n e l  d e p t h .  
From f i g u r e  5 , 1 .  I t  l a  a p p a r e n t  t h a t  t h e  moda l  and  the  a n a l y t i c a l  
s o l u t i o n  a re  in e x c e l l e n t  a g r e e m e n t .  I n  c a n  he s e e n  t h a t  t h e r e  e x i s t s  
no p h a s e  lag be tween  s u r f a c e  a nd  bo t t om v e l o c i t i e s ,
t f  such a c h a n n e l  I s  s u b j e c t e d  t o  f r i c t i o n  f o r c e s ,  t h e n  t h e  
a n a l y t i c a l  s o l u t i o n  w i l l  l e a d  t o  a n o n - i e r o  phas e  d i f f e r e n c e  b e t w e e n  
s u r f a c e  end bot tom v e l o c i t i e s .  Model r e s u l t s  f o r  an open c h a n n e l  f low 
w i t h  f r i c t i o n  and t i d e  a r e  shown in f i g u r e  5 , 2 ,  I n  t h i s  f i g u r e ,  i t  may 
be n o t e d  t h a t  bo t t om v e l o c i t y  r e a c h e s  s l a c k  b e f o r e  f l o o d  o r  ebb e a r l i e r  
t h a n  s u r f a c e  v e l o c i t y .  I ppeu  a nd  K s r l e m a n  <1966)  have  shown t h a t  a 
phas e  l a g  e x i s t s  b e t w e e n  l u r f n e e  and b o t t o m  v e l o c i t i e s  and h a v e  b e e n  
v e r i f i e d  in v a r i o u s  l a b o r a t o r y  e x p e r i m e n t s  ( I . e .  K n i g h t  and Ri dgeway,  
1976)  .
Aa p r e v i o u s l y  s t a t e d  i n  C h a p t e r  4 ,  a n  a n a l y t i c a l  s o l u t i o n  c a n  be 
o b t a i n e d  f o r  t h i s  c h a n n e l  a s s u m i n g  an i n v a r i a n t  v e r t i c a l  eddy v i s c o s i t y .  
S i n c e  eddy v i s c o s i t y  h a s  b e e n  shown to be  d e p t h  a nd  t ime  d e p e n d e n t ,  no 
c o m p a r i s o n  should  be made.  F a l l o w i n g  F i s c h e r  c t .  s i .  ( 1979)  eddy 
v i s c o s i t y  can be e s t i m a t e d  by e q u a t i o n  ( 4 - 1 7 ) ,  T a b l e  5-1  c o n t a i n s  
r e s u l t s  o b t a i n e d  by t h i s  e q u a t i o n  a l ong  w i t h  model  p r e d i c t i o n s  by b o t h  
t h e  Level  two and t h e  mi x i ng  l e n g t h  m o d e l s .  S e v e r a l  model  r u n s  were  
made employing the  m i x i n g  l e n g t h  h y p o t h e s i s  as  a c l o s u r e  scheme t o  
d e t e r m i n e  t he  c o n s t a n t  va l u e  r e q u i r e d  f o r  e q u a t i o n s  ( 5 - 2 )  and ( 5 - 4 ) ,  
These  v a l u e s  a re  a s  f o l l o w s  
a “  0 . 5 ,  and
na  - 1.0 t
I t  s h o u l d  be n o t e d  h e r e  t h a t  t h e  l e v e l  two mode l  d o e s  n o t  r e q u i r e  
such p r o c e d u r e .  R e s u l t s  o b t a i n e d  by t h e  l e v e l  two model  a r e  s l i g h t l y  
h i g h e r  t h a n  t h o s e  o b t a i n e d  by e q u a t i o n  ( 4 - 1 7 ) .  T h e s e  h i g h e r  v a l u e s  a r e  
n o t  s i g n i f i c a n t  when one  c o n s i d e r s  t h a t  no f u r t h e r  t u n i n g  i s  r e q u i r e d .
On t h e  o t h e r  ha nd ,  t h e  m i x i n g  l e n g t h  model  i s  c o m p a r a b l e  t o  e q u a t i o n  ( 4-  
17 ) .  The s e  r e s u l t s ,  a s  s t a t e d  e a r l i e r ,  we r e  o b t a i n e d  by t u n i n g  t h e
model  f o r  s u c h  an a p p l i c a t i o n .
I f  t i d a l  f o r c e s  a r e  i n t r o d u c e d  t o  a n  ope n  c h a n n e l  f l o w ,  one s h o u l d  
e x p e c t  t h a t  eddy v i s c o s i t y  w o u l d  a t t a i n  h i g h e r  v a l u e s .  T h i s  i n c r e a s e  I n  
eddy v i s c o s i t y  i s  t b e  r e s u l t  o f  h i g h e r  s h e a r  v e l o c i t i e s  a n d  h e n c e ,
h i g h e r  p r o d u c t i o n  o f  t u r b u l e n t  k i n e t i c  e n e r g y .  R e s u l t s  o b t a i n e d  by
e i t h e r  m e t ho d  a l t o  show a s i m i l a r  i n c r e a s e  when  t i d a l  f o r c e s  a r e  
i u c l u d o d ,
D, Model v e r i f i c a t i o n *  In a c o n t i n u a l l y  s t r a t i f i e d  f low
Llar l eman and I p p e n  ( 1967)  s t u d i e d  o n e -  and t w o - d i m e n s i o a a i  s a l i n i t y
I n t r u s i o n s  i n  a p h y a i c a l  mo d e l .  T h e i r  s t u d y  was  c o n d u c t e d  i n  a
h o r i z o n t a l ,  r e c t a n g u l a r  f lume 100 m e t e r s  l o n g  a nd  0 . 7 2 9  m e t e r s  w i d e .  
Aver age  w a t e r  d e p t h  I n  t h e  f l ume  was 1 5 , 1  cm. At  t h e  c l o s e d  end  o f  t h e  
f lume f r e s h w a t e r  was  I n t r o d u c e d  a t  a c o n t r o l l e d  r a t e  and a t  t h e  o p p o s i t e  
end t h e  f l ume  was c o n n e c t e d  t o  a t i d a l  b a a i n  o f  c o n a t a n t  s a l i n i t y  w h e r e
a s i m p l e  h a r m o n i c  t i d e  was m a i n t a i n e d .  Such  a n  i n v e s t i g a t i o n  would
p r o v i d e  t h e  n e c e s s a r y  i n f o r m a t i o n  t o  f u r t h e r  v e r i f y  t h e  mode l  e mp l o y e d  
in t h i s  s t u d y .  M e a s u r e m e n t s  o f  s a l i n i t y  a nd  v e l o c i t y  a l o n g  t h e  f l ume  
and p e r p e n d i c u l a r  t o  t h e  a a i n  f l o w  d i r e c t i o n  w e r e  made a t  s e v e r a l  
s t a t i o n s .  I n  t h e  f o l l o w i n g  s e c t i o n  an a t t e m p t  i s  made t o  s i m u l a t e
e x p e r i m e n t  16 d e s c r i b e d  In I p p e n  and H a r l e m a n  ( 1966 )  u s i n g  l e v e l  two 
m o d e l .  T a b l e  5 -1  c o n t a i n s  p a r a m e t e r s  empl oyed  Cor t h i s  model  r u n .
In  o r d e r  t o  s i m u l a t e  t h e  f lume r u n t ,  t he  c h a n n e l  was d i v i d e d  i n t o  
30 l o n g i t u d i n a l  t r a n s e c t s  3 . 3 3  m e t e r s  a p a r t .  Channe l  d e p t h  was d i v i d e d  
i n t o  5 e q u a l l y  s p a c e d  La ye r s  3 . 0  cm t h i c k .  A 10 s e c o n d  t ime s t e p  was 
e mpl oye d  Cor t h i s  s i m u l a t i o n .
T a b l e  3 - 1 .  Finnic P a r a m e t e r s  E x p e r i m e n t  fl 16
Ch a n n e l  l e n g t h  *» 100 m e t e r s  T i d a l  Am p l i t ud e  * 1 ,5  cm
Ch a n n e l  De p t h  * 1 5 . 1  cm T i d a l  P e r i o d  m 600 s e c s
F r e s h w a t e r  I n p u t -  ZOO c m^ / s e c  B a s i n  S a l i n i t y  *• 29 , 2  p p t
D -l Model c a l i b r a t i o n
I n  o r d e r  t o  make t h e  p r o p e r  s i m u l a t i o n ,  t he  n u m e r i c a l  model  s hou l d
f i r s t  be c a l i b r a t e d .  C a l i b r a t i o n  can  be a c h i e v e d  by  r unn i ng  t h e
n u m e r i c a l  model  w i t h  d i f f e r e n t  M a n n i n g ' s  c o e f f i c i e n t s  u n t i l  a g r e e m e n t  i s
o b t a i n e d  w i t h  o b s e r v e d  t i d a l  a m p l i t u d e s  a l o n g  t he  c h a n n e l .  E x p e r i m e n t
29  ( I p p e n  and  r i a r i e ma n ,  1961)  p r o v i d e d  t h e  n e c e s s a r y  i n f o r m a t i o n  t o
c a l i b r a t e  t h e  m o d e l .  B e s t  a g r e e m e n t  was  o b t a i n e d  by  e mpl oy ing  a
M a n n i n g ' s  n o f  0 . 0 2 4 .  Model r e s u l t s  p l o t t e d  a g a i n s t  f lume t i d a l
a m p l i t u d e s  a r e  shown i n  f i g u r e  5 . 3 .  B o t h  model  r e s u l t s  and f lume d a t a
a r e  i n  v e r y  good a g r e e m e n t .
L o n g i t u d i n a l  d i s p e r s i o n  due  t o  t r a n s v e r s e  v e l o c i t y  s h e a r  was
c a l c u l a t e d  u s i n g  T a y l o r ' s  f o r m u l a .  The f o l l o w i n g  e q u a t i o n  was  empl oyed .
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i n  whi ch
1 0
R -  H y d r a u l i c  r a d i u s  o f  c h a n n e l  
U( * t h e i r  v e l o c i t y
Fa r  i  n m n e r i c i l  mode l  e m p l o y i n g  t h e  m i x i n g  l e n g t h  h y p o t h e s i s ,  
c o n s t a n t s  n e e d e d  fee t h e  f u n c t i o n i l  form a r e  o b t a i n e d  by r u n n i n g  t h e  
model  w i t h  d i f f e r e n t  v a l u e s  u n t i l  a g r e e m e n t  i s  o b t a i n e d  w i t h  t h e  f lume 
d i t * .  In  c o n t r a s t ,  f o r  t h e  l e v e l  two model  t h i s  i s  u n n e c e s s a r y .  The 
c i t e d  v a l u e s  f o r  t i e  c o n s t a n t s  e mp l o y e d  i n  Mel t o r  and  Yamada ( 1 9 8 2 )  a r e  
u s e d .  No f u r t h e r  i d j u s t m o o t  t o  t h e s e  c o n s t a n t s  a r e  r e q u i r e d .  The s e  
v a l u e s  a r e
Aj ,  B , , B2 , -  ( 0 . 7 8 .  0 . 7 8 ,  1 S . 0 ,  8 . 0 .  O.OJfi )
S e v e r a l  e x p r e s s i o n *  can  be u s e d  t o  c a l c u l a t e  t h e  c h a r a c t e r i s t i c  
mix i ng  l e n g t h  s e a l * .  The f o l l o w  i n i  e q u a t i o n  i s  u s e d  f o r  t h i s  s t u d y
L - k' J ( 1 - ^ 1  
In whi ch
k '  -  Von Kantian c o n s t a n t  ( t a k e n  a 0 . 4 0 )  
s  *= D i s t a n c e  f r e e  b o u n d a r y
II -  T o t a l  d e p t h
I ppen  a nd  Har leman (1951)  r a n  t h e  f lume d a t a  f o r  t w e n t y  t i d a l  
c y c l e s  f o r  mos t  e x p e r i m e n t s ,  a f t e r  w h i c h  m e a s u r e m e n t s  we r e  made ,
The t i d s  1 - a v e r a g e d  l o n g i t u d i n a l  and  v e r t i c a l  s a l i n i t y  
d i s t r i b u t i o n s ,  n o r n s L i r o d  by b a s i n  s a l i n i t y ,  f o r  f lume e x p e r i m e n t  number  
16 a r e  shown l i t  f l t u r o  3 . 4  and 5 . 3 .  Model  r e s u l t s  f o r  t h e  same r u n  a r e  
i n d i c a t e d  by t h e  b r o k e n  l i n e s .  The n u m e r i c a l  mode l  show* v e r y  good 
a g r e e me n t  I n  p r e d i c t i n g  t h e  e x t e n t  o f  t h e  s a l t  i n t r u s i o n .  As c a n  be 
s e e n  in t h e s e  f i g u r e s ,  model  r e s u l t s  a r e  a l s o  i n  good  a g r e e m e n t  in 
p r e d i c t i n g  v e r t i c a l  s a l i n i t y  d 1a t r I b u t i o n s . One s h o u l d  n o t e  t h e
no
d i s p i r i t ?  i t  s t a t i o n  00,  Model  r e s u l t s  i t  t h i s  s t a t i o n  i n d i c a t e  l e s s  
s t  r s  t  i f l e a  t  i on ,
Model r e s u l t s  f o r  t h e  t i d * 1- a v e r s g e d  h o r i z o n t a l  and v e r t i c a l  
v e l o c i t i e s  a r e  shown i n  f i g u r e s  5 , 6  and 3 , 7 ,  Ex p e r L me n t a l  r e s u l t s  f o r  
t h e s e  v a r i a b l e s  a r e  a l s o  p l o t t e d  i n  f i g u r e s  3 , 6  and 5 . 7 .  f t  i s  e v i d e n t  
t h a t  t he  model  r e p r o d u c e d  t h e  two l a y e r  c i r c u l a t i o n  p a t t e r n  a s  shown in 
f i g u r e  5 . 6 .  However ,  model  r e s u l t s  i n d i c a t e  l o we r  v e l o c i t i e s  t han  
l a b o r a t o r y  r e s u l t s ,  The ma i n  r e a s o n  f o r  such d i s c r e p a n c i e s  i s  t h e  f a c t  
t h a t  f lume m e a s u r e m e n t s  we r e  made from t he  c e n t e r  o f  t h e  c h a n n e l .  Such 
me a s u r e m e n t s  t e n d  t o  be  h i g h e r  t h a n  t h e  w i d t h  a v e r a g e d  v e l o c i t i e s .
S i n c e  model  p r e d i c t i o n s  o f  h o r i z o n t a l  v e l o c i t i e s  a r e  l e s s  t h a n  t h o s e  
o b t a i n e d  from f lume d a t a ,  and s i n c e  v e r t i c a l  v e l o c i t i e s  a r e  c a l c u l a t e d  
by  t he  same p r i n c i p l e  o f  c o n t i n u i t y ,  one s h o u l d  e x p e c t  t h a t  t he  
n u m e r i c a l  model  w i l l  a l s o  t e n d  t o  u n d e r e s t i m a t e  v e r t i c a l  v e l o c i t i e s .
Thus  f a r ,  t he  l e v e l  two model  h a s  p r o v e n  to  p r e d i c t  t o  a r e a s o n a b l e  
e x t e n t ,  most  p h y s i c a l  p r o c e s s e s  i n  b u o y a n t  and n o n - b u o y a n t  f l o w s .  Model 
r e s u l t s  have shown a good  a g r e e m e n t  when a p p l i e d  t o  a c o n t i n u a l l y  
s t r a t i f i e d  f low.  One s h o u l d  n o t e  t h a t  a l l  t h e s e  t e s t s  have  be e n  
p e r f o r me d  w i t h  t h e  same s e t  o f  c o n s t a n t s  c i t e d  f rom F i e l l o r  and Yamads 
( 1 9B2) ,  A c o m p a r i s o n  b e t w e e n  t h e  l e v e l  two model  and m o d e l s  emp l oy i ng  
t h e  mix i ng  l e n g t h  h y p o t h e s i s  i s  i n  o r d e r .  The p r i m a r y  p u r p o s e  f o r  such 
a c o m p a r i s o n  i s  t o  e v a l u a t e  t h e  p e r f o r m a n c e  o f  each  model  i n  t h e s e  
a p p l i c a t  i o n s .
SI
C. C n p i f l u n  o f  n o d a l*  employing le ve l  t«a  end M.L.H for c lo c a r a
l a  t h i s  t a c t i o n ,  mode l s  e mp l oy i n g  t h e  l ava!  two and t he  m i x i n g  
l e n g t h  h y p o t h e s i s  t i  a c l o t u r e  scheme w i l l  be compared.  The p e r f o r ma n c e  
o f  t h e s e  two schemes  i n  a c o n t i n u a l l y  s t r a t i f i e d  f l o w  I t  c h o s e n  a s  a 
b e n c h  mark f o r  c o m p a r i s o n * ,  C e r c o  ( 1 9 6 2 ) ,  enp loyed  t h e  m i x i n g  l e n g t h  
h y p o t h e s i s  a s  a c l o s u r e  scheme i n  a s t udy  o f  the J a n e s  R i v e r  E s t u a r y ,
I n  o r d e r  t o  v e r i f y  h i s  mode l ,  a s i m u l a t i o n  o f  HarLemm and Tppen ( 1967)  
f l u m e  e x p e r i m e n t  n u m b e r  29 was made .  R e s u l t s  of  t b i s  s i m u l a t i o n  a r e  
shown i n  f i g u r e s  5 . 6  a nd  5 , 7 ,  Ce r c o  chos e  the f o l l o w i n g  forms  t o  
c a l c u l a t e  e d d y  d i f f a s i v i t y
r. - . .  (s-i)
i n  w h i c h
-  e ddy  d i f f u s i o n  c o e f f i c i e n t  i n  J n o n -  s t r a t i  f l ed  f low 
a -  0 , 0 8 5  cm
u "■ i n s t a n t a n e o u s  v e l o c i t y .
In  o r d e r  t o  a c c o u n t  for  s t r a t i f i c a t i o n  e f f e c t s  a g e n e r a l i z e d  form 
wa s  a d o p t e d  f o r  h i s  s t u d y  as  w r i t t e n  below
P n
r   -----------------------  f 5-3 j
(b + c Ett >fl 
i n  w h i c h
Ri  •  l o c a l  R i c h a r d s o n  number
b , c , n -  e m p i r i c a l  c o n s t a n t s  -  1 . 0  for  f lume compar i s on ,
a nd  f o r  e ddy  v i s c o s i t y  a l i n e a r  r e l a t i o n s h i p  is as sumed as  f o l l o w s
v t  -  » t r  ( 5 ' ‘o
i n  w h i c h
- 1 , 0  f o r  f l ume  d a t a  c o m p a r i s o n .
S!
E v a l u a t i o n  o f  t h e s e  c o n s t a n t s  was  a c c o m p l i  shed  by t r i a l  and e r r o r .  
S e r i e s  o f  mode l  r u n s  wo r e  made u n t i l  t  I d a l - a v e r a g o d  eddy d i f f u s i v i t y  
f e l l  w i t h i n  t h e  r a n g e  r e p o r t e d  by l l a r l e m a n  and I p p e n  ( 1 9 6 7 ) ,  On t h e  
o t h e r  ha nd ,  t h e  l e v e l  two model  f o r  t h e  same e x p e r i m e n t  d i d  no t  r e q u i r e  
s u c h  a p r o c e d u r e .  As s t a t e d  e a r l i e r ,  t he  c o n s t a n t s  n e e d e d  f o r  t h i s  
model  were o b t a i n e d  f rom M e l l o r  and Yamada ( 1 9 8 2 ) ,  T h e r e  was no f u r t h e r  
t u n i n g  r e q u i r e d  f o r  t h e s e  c o n s t a n t s .  I t  s h o u l d  be e m p h a s i z e d  t h a t ,  f o r  
i n e x p e r i e n c e d  u s e r s  t h e  p r o c e d u r e  o f  t u n i n g  t h e  model  f o r  a s p e c i f i c  
a p p l i c a t i o n  c o u l d  be cumbersome.  T h e r e f o r e ,  c o n c e r n i n g  t h e  
a p p l i c a b i l i t y  o f  t h e  m o d e l ,  i t  i t  e v i d e n t  t h a t  t h e  l e v e l  two model  i s  
e a s i e r  t o  a p p l y  t h a n  t h e  mix i ng  l e n g t h  f o r m u l a e .
Dot h  m o d e l s ,  t h e  l e v e l  two a nd  t h e  m i x i n g  l e n g t h  m o d e l ,  w i t h  t h e  
n u m e r i c a l  scheme a d o p t e d  h e r e i n  a r e  e q u a l l y  f e a s i b l e  f o r  l o n g  t i me  
s i m u l a t i o n * .  The l e m i - i r a p l i c t  m e t h o d  c h o s e n  f o r  t h e  two m o d e l s  a l l o w s  
f o r  a much l o n g e r  t ime  s t e p  t h a n  r e q u i r e d  by o t h e r  m e t h o d s .  T h e r e f o r e ,  
l o n g - t i m e  s i m u l a t i o n  a p p e a r s  t o  be l e t s  e x p e n s i v e  when c ompa r ed  w i t h  
o t h e r  m e t h o d s .
C o m p a r i s o n  b e t w e e n  t h e  two s c h e me s  w i l l  be p e r f o r m e d  i n  t h r e e  
s t e p s .  The f i r s t  s t e p  i s  t o  compare  t h e  s a l i n i t y  d i s t r i b u t i o n .
S e c o n d l y ,  t h e  h o r i z o n t a l  v e l o c i t i e s  a r e  compared and f i n a l l y  t he  
v e r t i c a l  v e l o c i t i e s .
O l  S a l i n i t y  d i s t r i b u t i o n
For  H a r l e m a n  a n d  I p p e n ’ s f l ume  d a t a ,  t h e  l e n g t h  o f  t h e  s a l t  
I n t r u s i o n  i s  d e f i n e d  a s  IT! o f  t he  b a s i n  s a l i n i t y .  Model r e s u l t s  
o b t a i n e d  b y  t h e  l e v e l  two model  a r e  shown i n  f i g u r e  5 . 4  a nd  r e s u l t s  
o b t a i n e d  b y  e m p l o y i n g  the  mi x i ng  l e n g t h  h y p o t h e s i s  a r e  a l s o  shown i n
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f i g u r e  5 . 4 .  I t  i s  q u i t e  e v i d e n t  f rom t h e s e  p l o t s  t h i t  b o t h  m o d e l s  
p r e d i c t  t h e  l e n g t h  o f  t h e  s a l t  i n t r u s i o n  e x t r e m e l y  v e i l .  Agr eemen t  
b e t w e e n  model  p r e d i c t i o n s  and f lume d a t e  f o r  l o n g i t u d i n a l  s a l i n i t y  
d i s t r i b u t i o n s  i s  a l s o  a c h i e v e d .  V e r t i c a l  s a l i n i t y  d i s t r i b u t i o n s  
o b t a i n e d  by l e v e l  two and m i x i n g  l e n g t h  h y p o t h e s i s  m o d e l s  a r e  p r e s e n t e d  
i n  f i g u r e  5 . 5 .  I n  t h i s  p l o t ,  t ho  i - n l i  i s  t h e  n o r m a l i z e d  v e r t i c a l  
s a l i n i t y  d i s t r i b u t i o n ,  5 / S0 , a nd  t he  y - a z i s  i s  t he  n o r m a l i z e d  d e p t h ,  
Y / h ,  S t a t i o n  nu mb e r s  r e f e r  t o  d i s t a n c e ,  i n  f e e t ,  f rom t h e  open  
b o u n d a r y .  A l t h o u g h  t he  o v e r - a l l  a g r e e m e n t  b e t w e e n  model  r e s u l t s  and 
f lume d i t i  a r e  e n c o u r a g i n g ,  a g r e e m e n t  o b t a i n e d  a t  s t a t i o n  5 s h o u l d  be 
v i ewe d  c a u t i o u s l y  and w i l l  be  e x p l a i n e d  l a t e r .  Tt s h o u l d  be n o t e d  h e r e  
t h a t  model  p r e d i c t i o n s  f o r  s t a t i o n  40 o b t a i n e d  f rom t h e  l e v e l  two model  
a r e  l e s s  s a t i s f a c t o r y .  At t h i s  s t a t i o n ,  model  r e s u l t s  i n d i c a t e  l owe r  
s t r a t i f i c a t i o n  t h a n  t h e  one  o b s e r v e d  in  t h e  f l ame  d a t e .
0-2 L on g i tu d in a l  v e l o c i t y  d i s t r i b u t i o n .
As a s e c o n d  s t e p ,  model  p r e d i c t i o n s  o b t a i n e d  by l e v e l  two and 
m i x i n g  l e n g t h  h y p o t h e s i s  f o r  l o n g i t u d i n a l  v e l o c i t i e s  w i l l  be compared  
w i t h  t h e  m e a s u r e d  f lume d a t a .  F i g u r e  5 , 6  shows p r e d i c t i o n s  by  b o t h  
m o d e l s  f o r  l o n g i t u d i n a l  v e l o c i t i e s .  I t  can  be s e e n  t h a t  b o t h  mo d e l s  
u n d e r p r e d i c t  t h e  h o r i z o n t a l  v e l o c i t y  d i s t r i b u t i o n .  On t h e  o t h e r  hand,  
i t  s h o u l d  be  n o t e d  t h a t  model  r e s u l t s  o b t a i n e d  by l e v e l  two i n d i c a t e  
h i g h e r  v e l o c i t y  v a l u e s .  As p r e v i o u s l y  m e n t i o n e d ,  v e l o c i t y  m e a s u r e m e n t s  
a r e  t a k e n  a t  t h e  c e n t e r  o f  t he  c h a n n e l .  T h e s e ,  i n  t u r n ,  t e n d  t o  have  
h i g h e r  v a l u e s  t h a n  w i d t h  a v e r a g e d  v e l o c i t i e s .  Thus ,  one s h o u l d  e x p e c t  
t h a t  model  p r e d i c t i o n s  s h o u l d  be  l e s s  t h a n  o b s e r v e d  d a t a ,  t f i t b  t h i s ,
34
one can c o n c l u d e  t h a t  r e s u l t *  of  t he  l e v e l  two model  a r e  In b e t t e r  
a g r e e me n t  w i t h  o b s e r v a t i o n s  t h a n  the  m i x i n g  l e n g t h  h y p o t h e s i s  m o d e l .
0-3 V er t ic a l  v e l o c i t y  d i s t r i b u t i o n
V e r t i c a l  v e l o c i t i e s  a r e  c a l c u l a t e d  by u s i n g  t h e  p r i n c i p l e  o f
c o n t i n u i t y  f o r  b o t h  m o d e l s .  T h e r e f o r e ,  i f  model  r e s u l t s  a r e  l e s s  t h a n
v e 1o c i t y  m e a s u r e m e a t i  i n  t h e  h o r i z o n t a l  d i r e c t i o n ,  i t  i t  a n t i c i p a t e d
t h a t  t he  v e r t i c a l  v e l o c i t y  w i l l  f o l l o w  s u i t .  In f i g u r e  5.7 t h e  v e r t i c a l
v e l o c i t y  d i s t r i b u t i o n s ,  o b t a i n e d  by b o t h  mode l s ,  a r e  shown.  I t  i t
e v i d e a t  from t h e s e  p l o t s  t h a t  t he  l e v e l  two model  p r e d i c t i o n s  a r e  in
b e t t e r  a g r e e m e n t  wi t h  o b s e r v a t i o n s .  One shou ld  a l s o  n o t e  t h a t  s t a t i o n  5
i s  o m i t t e d  f rom t hes e  p l o t s ,  The r e a s o n  f o r  t h i s  I s  b e c a u s e  b o t h  f lume
and model  b o u n d a r y  c o n d i t i o n s  a t  t he  ope n  bounda ry  a r e  n o t  w e l l  known.
Bo unda r y  c o n d i t i o n s  f o r  t h e  f lume d a t a  were  s e t  a s  t h e  s a l i n i t y  i n  t h e
b a s i n  and n o t  a t  the  m o u t h .  On the  o t h e r  hand t h e  b o u n d a r y  c o n d i t i o n  
a
f o r  t h e  node !  ** 0.0 i s  r e q u i r e d  f o r  c l o s u r e  b u t  i s  n o t  n e c e s s a r i l y
3 x
t h e  a p p r o p r i a t e  one a t  t h e  mouth .  T h e r e f o r e ,  m e a s u r e m e n t s  and  
p r e d i c t i o n s  b y  b o t h  m o d e l s  a t  the open bounda ry  s h o u l d  be v i e w e d  w i t h  
CAUtioa. One s h o u l d  a l s o  n o t e  t h a t ,  r e s u l t s  o b t a i n e d  by t h e  l e v e l  two 
mode l  are c o n s i s t e n t  w i t h  f lume d a t a .  Both  t he  f lume d a t a  a n d  t h e  l e v e l  
two model i n d i c a t e  an i n c r e a s e  i n  t h e  downward v e l o c i t y  b e t w e e n  s t a t i o n  
30 end 120 a n d  t hen  a d e c r e a s e  be t we e n  s t a t i o n s  120 and 160,  On t h e  
o t h e r  hand,  t h e  mix i ng  l e n g t h  model i n d i c a t e s  an i n c r e a s e  f r o m  s t a t i o n  
80 t o  120 and  a l i o  160.  T h e s e  r e s u l t *  a re  no t  c o n s i s t e n t  w i t h  f lume 
d a t a .  Thus,  one  can c o n c l u d e  t h a t  t h e  l e v e l  two model  does  show b e t t e r  
a g r e e me n t  and c o n s i s t e n c y  w i t h  o b s e r v a t i o n s  t han  m o d e l s  e m p l o y i n g  the
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m i x i n g  l e n g t h  h y p o t h e s i s .  I n  a d d i t i o n ,  t he  l e v e l  two model  d o e s  n o t  
r e q u i r e  a t e d i o u s  t u n i n g  f o r  t he  c o n s t a n t s  e mp l o y e d  In t h e  m o d e l .  I t  
a l s o  s h o u l d  bo n o t e d  t h a t  e p e r s o n  w i t h  good e x p e r i e n c e  i n  m a t h e m a t i c a l  
mode t i ng s h o u l d  do e s  w e l l  e m p l o y i n g  t h e  A g e n e r a l  c o n c l u s i o n
c a n  not  be drawn i t  t h i s  t i m e .  In  o r d e r  t o  do so b o t h  m o d e l s  s h o u l d  be  
a p p l i e d  t o  a v a r i e t y  o f  fLow c o n d i t i o n s  and r e s u l t s  o b t a i n e d  s h o u l d  be  
c o mp a r ed .  Then,  e n d  o n l y  t h e n ,  can  a g e n e r a l i i e d  c o n c l u s i o n  be made .
In  c o n c l u s i o n ,  t h e  l e v e l  two model  i t  s u p e r i o r  t o  m o d e l s  e m p l o y i n g  
t h e  m i x i n g  l e n g t h  h y p o t h e s i s  a t  a c l o s u r e  s c he me .  The l e v e l  two mode l  
i s  s i m p l e ,  e a s y  t o  n p p l y ,  and d o e s  n o t  ne e d  a s  much t u t t i n g  t o  t h e  
c o n s t a n t s  employed a s  t h e  m i x i n g  l e n g t h  a p p r o a c h .  I n  a d d i t i o n ,  model  
c o m p a r i s o n s  have s hown t h a t  t h e  l e v e l  two modal  r e s u l t s  a r e  more 
c o n s i s t e n t  w i t h  f l u me  d a t a .  S i n c e  t h e  l e v e l  two model  a n d  t h e  m i x i n g  
l e n g t h  e mpl oy  an a l g e b r a i c  e x p r e s s i o n  t o  c a l c u l a t e  eddy v i s c o s i t y ,  
c o m p u t e r  t ime i s  f a r  l e s s  c ompa r e d  t o  t h e  more  a d v a n c e d  c l o s u r e  s c h e m e s .
T a b l e J - I I  : E i t U t t a i  o f  odd? v i s c o s i t y ,  energy end i t *  
d i t f i p e t i o n  by l e v e l  two end n i x i n g  l e n g t h  
n o d e l t .
Tmbl*  S. IT
Eq. 4 -17 11 .4
Laval  Two Modal 1 8 . 0
N ix in g  Length 1 1 . 0
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F i g u r e  5 . 1  : V e l o c i t y  c o n t o u r s  i n  an open  c h a n n e l ;  fi
f o r c e s  a r e  n o t  i n c l u d e d  l e v e l  two model
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F i g u r e  5 .2  : V e l o c i t y  c o n t o u r s  in  an open c h a n n e l ;  f r i c t i o n
f o r c e s  a r e  i n c l u d e d  l e v e l  two model
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F i g u r e  5 . 4  : L e v e l  two model  p r e d i c t i o n s  and f l ume  d a t a  of  
l o n g i t u d i n a l  s a l i n i t y  d i s t r i b u t i o n s  and  m i x i n g  
l e n g t h  m o d e l  p r e d i c t i o n s
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: Flume t i d a l - a v e r a g e d  v e r t i c a l  s a l i n i t y
d i s t r i b u t i o n s  a l o n g  w i t h  t h e  m i n i n g  l e n g t h  and 
l e v e l  two model  p r e d i c t i o n s
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F i g u r e  5 . 6  : Flume t i d a l - a v e r a g e d  h o r i z o n t a l  v e l o c i t i e s  a l ong  
w i t h  t h e  m i x i n g  l e n g t h  and l e v e l  two model  
p r e d i c t i o n s
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Fi gur e  5 . 7  : T i d a l - a v e r a c e d  v e r t i c a l  v e l o c i t y  d i s t r i b u t i o n s ;  
f lume,  m i x i n g  l e n g t h  and l e v e l  two model
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CHAPTER VI*
StMMART, CON CUB IONS AND SUGGESTIONS 
FOB FUTURE VOKt
I n t t n t  o f  t h i s  l t T t i t i f i t l a o
The i n t e n t  o f  t h i s  i n v e s t  i g a t i o n  « n  t o  examine two newly p r o p o s e d  
t u r b u l e n c e  c l o t u r e  t c h e n s t  tb* k - e  end l e v e l  two mode l * .  A p p l i c a t i o n  
a nd  c o m p a r i s o n *  v e r t  made b e t w e e n  t h e  two new schemes 11 w e l l  a t  t he  
p e r f o r m a n c e  o f  an e x i s t i n g  m i x i n g - l e n g t h  model .  Agreement  o f  t h e  mode l s  
w i t h  e a c h  o t h e r ,  w l t b  a n a l y t i c a l  s o l u t i o n s ,  and wi t h  e x p e r i m e n t a l  d a t a  
ha ve  a l s o  b e e n  e x a m i n e d ,  R e s u l t s  o b t a i n e d  from t h e s e  t e s t s  had  been  
c ompa r e d  a nd  d i s c u s s e d  i n  t h e  p r e v i o u s  c h a p t e r .
T h i s  i n v e s t i g a t i o n  i n t e n d e d  t o  ans wer  t he  f o l l o w i n g  q u e s t i o n s :
1 -  Are t h e  p r o p o s e d  m o d e l s ,  e i t h e r  k-« o r  l e ve l  2 ,  e a s i e r  t o  a p p l y  
t h a n  a m i x i n g - l e n g t h  model  7
2 -  Do t h e  p r o p o s e d  m o d e l s  p r o v i d e  more r e a l i s t i c  r e s u l t s  t h a n  a 
m i x i n g - l e n g t h  model  7
3 -  Are r e s u l t s  i mpr ove d ,  i f  so e r e  t he  model s  w o r t h y  of  p u r s u i n g  ?
A. The k -a  model
I n  o r d e r  t o  a n s w e r  t he  f i r s t  q u e s t i o n ,  one s hou l d  s t a r t  w i t h  t he  
number  o f  e q u a t i o n s  employed i n  e a c h  i n d i v i d u a l  model .  F i r s t  o f  a l l ,  
t h e  k- e model  r e q u i r e s  s o l v i n g  two p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  <1-14
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Co 3 - 1 5 )  i n  a d d i t i o n  t o  t he  f o u r  g o v e r n i n g  e q u a t i o n s ,  A t o t a l  o f  s i i
e q u a t i o n s  a r e  n e e d e d  f o r  ■ s o l u t i o n .  T h i s  can  be t r a n s l a t e d  a s  an
a d d i t i o n a l  b u r d e n  o f  g r e a t e r  d i f f i c u l t y  and e x p e n s e  i n  model
a p p l i c a t i o n .  T h u s ,  one can c o n c l u d e  t h a t  the k - e  model  I s  n o t  a s  e a s y
to a p p l y  a s  o t h e r  mode l s  c o n s i d e r e d  i n  t h i s  s t u d y .  I n  a d d i t i o n ,  t he
t i n e  s t e p  e mp l oye d  i n  t h e  n u m e r i c a l  scheme f o r  t h e  k - e  model  I s  f a r  l e s s
t han  i t s  c o u n t e r p a r t s  f o r  e i t h e r  c l o s u r e  scheme,  i . e ,  l e v e l  two o r
m J - i n g  l e n g t h .  The s h o r t  t i n e  s t e p  and the  a d d i t i o n a l  two e q u a t i o n s
n e e d e d  f o r  t he  c l o t u r e  by t h e  k - t  mo d e l ,  w i l l  u n d o u b t e d l y  i n c r e a s e  t he
c o m p u t a t i o n a l  t i m e .
To a n s w e r  t h e  r e m a i n i n g  q u e s t i o n s ,  t he  k -e  model  was t e s t e d  a g a i n s t
a known a n a l y t i c a l  s o l u t i o n ,  As s t a t e d  In C h a p t e r  3 ,  t he  c o n s t a n t  C i n
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e q u a t i o n  ( 2 - 3 0 )  mus t  be a d j u s t e d  i n  o r d e r  t o  a c h i e v e  a g r e e m e n t  w i t h  t h e  
a n a l y t i c a l  s o l u t i o n .  As can  be seen  f rom t a b l e  3 ,  b e t t e r  a g r e e m e n t  was  
o b t a i n e d  by  e m p l o y i n g  such a v a l u e  f o r  C^, T h u s ,  i t  i s  e v i d e n t  t h a t  t he
c o n s t a n t  C i s  n o t  a s  u n i v e r s a l  as  was t h o u g h t  I n  e a r l i e r  s t u d i e s .
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As a s e c o n d  t e s t ,  t he  k - e  model  was a p p l i e d  t o  a p a r t i a l l y  mixed
e s t u a r y .  T h i s  t e s t  was not  c o m p l e t e d  s i n c e  t h e  b u o y a n c y  t e r m c a n  n o t  be
r e d u c e d  a s  R,  r e a c h e d  t h e  c r i t i c a l  v a l u e  and h e n c e ,  t h e  b u o y a n c y  t erm 
f
becomes  d o m i n a n t .  I t  i s  s u g g e s t e d  t h o u g h ,  t h a t  a d d i t i o n a l  a t t e m p t s  t o  
a p p l y  t h i s  model  s h o u l d  be p u r s u e d  i n  t h e  f u t u r e .
T h e  k - e  model  i n  summat ion :
A- T h e  k - e  model  i t  more d i f f i c u l t  t o  u s e  and f a r  more  c o m p u t e r  t ime  i s  
r e q u i r e d  t h a n  w i t h  t h e  o t h e r  two m o d e l s  c o n s i d e r e d  i n  t h i s  s t u d y .
B- The r e s u l t s  o b t a i n e d  by t h e  k -e  model  a r e  n o t  a s u b s t a n t i a l  
i mpr ove me n t  c ompar ed  to t he  l e v e l  two o r  t he  m i x i n g  l e n g t h  m o d e l s .
O- The c o m t a n t  C i s  no t  a s  u n i v e r s a l  a s  t h o u g h t  e a r l i e r  by d i f f e r e n t
u
a u t h o r s .  For  open  c h a n n e l  f l ow,  t h i s  c o n s t a n t  s h o u l d  be s e t  t o  0 . 2 0  
i n s t e a d  o f  i t s  o r i g i n a l  p r o p o s e d  v a l u e  o f  0 , 0 9 .
D- T h i s  c o n s t a n t  s h o u l d  be e x p r e s s e d  a s  a f u n c t i o n  o f  i n  o r d e r  t o  
□ake the  h - e  model  a p p l i c a b l e  t o  a wide  r ange  o f  f low c o n d i t i o n s ,
[ . sunder  < 1976 c i t e d  f rom Ro d i ,  1930a)  h a s  s t a t e d  t h a t  t h e  C s h o u l d  be
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in  a f u n c t i o n a l  form r a t h e r  t h a n  a c o n s t a n t  i s  p r o p o s e d .  The s u g g e s t e d
c o n s t a n t  may t a k e  t h e  f o l l o w i n g  f o r a
C =■ f (R J  
u f
E- The k - t  model  i s  a p p l i c a b l e  where  b uoya nc y  f o r c e s  have  l i t t l e  o r  no 
e f f e c t ,  i . e ,  open  c h a n n e l  f l o w .  Agr eement  f o r  s u c h  an a p p l i c a t i o n  ha s  
impr oved  e mp l o y i n g  t h e  v a l u e  s t a t e d  a bove .
F -  The k - r  model  d o e s  n o t  r e q u i r e  an a d d i t i o n a l  e x p r e s s i o n  f o r  t h e  
c h a r a c t e r i s t i c  l e n g t h  s c a l e .  The c e q u a t i o n  s o l v e s  f o r  a such  n e e de d  
p a r a m e t e r .  T h u s ,  one ne e d  n o t  s p e c i f y  a d i f f e r e n t  e x p r e s s i o n  f o r  t h e  
m i x i n g  l e n g t h  s c a l e  f o r  v a r i o u s  a p p l i c a t i o n s  a s  r e q u i r e d  fay o t h e r  
mode 1 s .
B. The l e v e l  two wode l
C o n s i d e r i n g  t h e  us e  o f  t h e  l e v e l  two mode l ,  i t  i s  n o t  as  
c o m p l i c a t e d  a s  t h e  k - e  mo d e l .  The l e v e l  two n o d a l  does  n o t  r e q u i r e  t h e  
s o l u t i o n  o f  a d d i t i o n a l  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  b u t  e mp l oys  a 
mi x i ng  l e n g t h  a p p r o a c h ,  m o d i f i e d  by a s t a b i l i t y  f u n c t i o n ,  a s  h a s  be e n  
shown in  p r e v i o u s  c h a p t e r s .  T h e r e f o r e ,  one can  c o n c l u d e  t h a t  t h e  l e v e l  
two model  i s  i n d e e d  c o m p a r a b l e  and a s  e a s y  t o  a p p l y  a s  m o d e l s  e mp l o y i n g  
t he  m i x i n g  l e n g t h  h y p o t h e s i s .  S i n c e  no a d d i t i o n a l  e q u a t i o n s  a r e  n e e d e d  
f o r  such  a m o d e l ,  t he  t ime s t o p  used  i s  o f  t h e  same o r d e r  as  t h a t
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employed by  the m i n i n g  l e n g t h  n o d a l .  I l t n c c ,  l e n g t h y  n o d a l  5 i n u l a  t i o n s  
can be p e r f o r m e d  i n e x p e n s i v e l y .  To summar i ze  t h e  out come o f  t h e  l e v e l  
two mode 1 :
A- Tor a homogeneous  open c h a n n e l  f l ow,  model  p r e d i c t i o n s  o f  eddy 
v i s c o s i t y  a r e  it) v e r y  good a g r e e me n t  w i t h  a n a l y t i c a l  s o l u t i o n s .
B-  ‘todel  p r e d i c t i o n  f o r  v a r i a b l e s  o f  p r i me  i n t e r e s t  a r e  a l s o  i n  v e r y  
good a g r e e m e n t  when compar ed  t o  d a t a  c o l l e c t e d  u n d e r  c o n d i t i o n  wh e r e  
s t r a t i f i c a t i o n  h a t  a p r o n o u n c e d  e f f e c t  on c i r c u l a t i o n .
C— C o n s t a n t s  empl oyed  f o r  p r e v i o u s  a n a l y s i s  d i d  n o t  r e q u i r e  a d j u s t m e n t  
o r  t u n i n g  t h r o u g h o u t  t h e  c o u r s e  o f  t h i s  s t u d y .
D“  The e x p r e s s i o n  used  t o  c a l c u l a t e  t he  c h a r a c t e r i s t i c  m i x i n g  l e n g t h  
s c a l e  f o r  t he  l e v e l  two model  Is  n o t  n e c e s s a r i l y  a d e q u a t e  f u r  o t h e r  
a p p l i c a t i o n s  { i . e .  j e t  f lows o r  f r e e  J e t  f l o w s ! ,  h e n c e ,  u n i  i t e  t h e  k - e  
model  i n  whi ch  t h e  a e q u a t i o n  i s  a d e q u a t e  f o r  m o s t  p r a c t i c a l  
a p p l i c a t i o n s ,  an a p p r o p r i a t e  e x p r e s s i o n  must  be  s e l e c t e d  f o r  t he  
c h a r a c t e r i s t i c  m i x i n g  l e n g t h  f o r  e v e r y  i n d i v i d u a l  a p p l i c a t i o n .
C. Model  c o m p a r i s o n s
As a second p a r t  o f  t h i s  s t u d y ,  c o m p a r i s o n s  ware  made t o  d e t e r m i n e  
how p r e d i c t i o n s  by the  new mode l s  compare w i t h  t h e  m i x i n g  l e n g t h  m o d e l s .  
The l e v e l  two model  h a s  shown q u a l i t a t i v e l y  good  a g r e e m e n t  w i t h  
a n a l y t i c a l  s o l u t i o n s .  As a s econd  t e s t ,  t h e  l e v e l  two mode l  was 
compared a g a i n s t  f lume d a t a  c o l l e c t e d  u n d e r  c o n t i n u a l l y  s t r a t i f i e d  
c o n d i t i o n s .  A g r e e me n t ,  in g e n e r a l ,  was good a nd  c o n s i s t e n t  w i t h  
l a b o r a t o r y  d a t a .  R e s u l t s  o b t a i n e d  by t h e  l e v e l  two model  a r e  i n d e e d  
more c o n s i s t e n t  w i t h  f lume o b s e r v a t i o n s  t han  t h o s e  o f  t h e  m i x i n g  l e n g t h  
model .  h o v e l  two model  r e s u l t s  a r e  a l s o  an i mpr ove me n t  o v e r  t h e  m i x i n g
l e n g t h  model  when one e x a m i n e s  h o r i z o n t a l  a n d  v e r t i c a l  v e l o c i t i e s .  I n  
a d d i t i o n ,  u n l i k e  t he  m i x i n g  l e n g t h  model  w h i c h  r e q u i r e s  t u n i n g  o f  t h e  
c o n s t a n t s  w i t h  e a c h  a p p l i c a t i o n ,  a l l  l e v e l  two model  r u n s  w e r e  made w i t h  
a s i n g l e  s e t  o f  c o n s t a n t s .  T h i s  i s  d e f i n i t e l y  one  o f  t h e  m o s t  i m p o r t a n t  
o u t c o m e s  o f  t h i s  s t u d y  h o w e v e r ,  more  c o m p a r i s o n s  s h o u l d  be made b e t w e e n  
model  r e s u l t s  a nd  o b s e r v a t i o n s  c o l l e c t e d  u n d e r  d i f f e r e n t  f l ow c o n d i t i o n s  
i n  o r d e r  t o  e s t a b l i s h  t h e  g e n e r a l  a p p l i c a b i l i t y  o f  s u c h  a m o d e l .  I n  
c o n c l u s i o n  t h e  l e v e l  two model  i s  d e f i n i t e l y  i n  i mp r o v e me n t  o v e r  t h e  
m i x i n g  l e n g t h  h y p o t h e s i s  a n d  w o r t h  p u r s u i n g  i n  t h e  f u t u r e .
D. S u g g e s t i o n  f o r  fu ture  i n v e s t i g a t i o n s
The i n t e n t  o f  t h i s  i n v e s t i g a t i o n  h a s  b e e n  a c h i e v e d .  S e v e r a l  
d i f f i c u l t i e s  h a v e  be e n  e n c o u n t e r e d  d u r i n g  t h e  c o u r s e  o f  t h i s  s t u d y .
' l o s t  d i f f i c u l t i e s  a r e  due  t o  the n u m e r i c a l  s c he me .  The  n u m e r i c a l  scheme 
s h o u l d  be such  t h a t  t h e  t i m e  s t e p  i s  i n f i n i t e l y  s m a l l ,  w h i c h  i n  t u r n  
w i l l  n o t  a l l o w  k  t o  go t o  z e r o .  T h e  n u m e r i c a l  s c heme  s h o u l d  a l s o  a l l o w  
f o r  t h e  eddy v i s c o s i t y  t o  be c a l c u l a t e d  b y  u s i n g  k a n d  e v a l u e s  o b t a i n e d  
a t  t h e  new t i me  s t e p  r a t h e r  t han  t h e  p r e v i o u s  t ime  s t e p .
A l l  e q u a t i o n s  u s e d  i n  t h e  n u m e r i c a l  s cheme  e m p l o y e d  h e r e i n  r e q u i r e  
t h e  s p e c i f i c a t i o n  o f  b o u n d a r y  c o n d i t i o n s  a t  c h a n n e l  e n t r a n c e  f o r  t h e i r  
s o l u t i o n .  A t r o u b l e s o m e  t a s k  as  m e n t i o n e d  e a r l i e r ,  t h e  b o u n d a r y  
c o n d i t i o n s  e mp l o y e d  a r e  n e c e s s a r y  t o  s o l v e  t h e  a q u a t i o n s  b u t  t b e y  a r e  
n o t  n e c e s s a r i l y  a d e q u a t e .  The r e s u l t s  o b t a i n e d  by t h o s e  c o n d i t i o n s  
s h o u l d  be v i e w e d  w i t h  c a u t i o n ,  A more  a d e q u a t e  a p p r o a c h  s h o u l d  be 
p u r s u e d  such  a s  r a d i a t i o n  b o u n d a r y  c o n d i t i o n .  T h i s  a p p r o a c h  n a y  i mprove  
model  p r e d i c t i o n s  in t h e  v i c i n i t y  o f  t h e  m o u t h  o f  a  r i v e r  o r  e s t u a r y .
19
R e s u l t s  o b t a i n e d  by t h e  l e v e l  two model  a r e  p r o m i s i n g .  However .
3i o r e  r i g o r o u s  e x a m i n a t i o n  a n d  c o m p a r i s o n s  w i t h  p r o t o t y p e  d a t a  Is 
re  comme nded .
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